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Abstract. We consider the topological and geometric structures associated 
with cohomological and homological objects in M-theory. For the latter, we 
have M2-branes and M5-branes, the analysis of which requires the underlying 
spacetime to admit a String structure and a Fivebrane structure, respectively. 
For the former, we study how the fields in M-theory are associated with the 
above structures, with homotopy algebras, with twisted cohomology, and with 
generalized cohomology. We also explain how the corresponding charges should 
take values in Topological Modular forms. We survey background material and 
related results in the process. 
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1. Introduction and Setting 

String theory is concerned with a worldsheet T? , usually a Riemann surface, a 
target spacetime M, usually of dimension ten, and the space of maps : — M 
between them. The study of the field theory on is the subject of two-dimensional 
conformal field theory (CFT). The study of the maps is the sigma [a-] model and 
the study of the target space is the target theory where low energy limits, i.e. field 
and supergravity theories, can be taken. 

The target space theory involves fields called the Ramond-Ramond (RR) or the 
Neveu-Schwarz (NS) fields. These are differential forms or cohomology classes which 
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can be paired with homology cycles, the branes, namely D-branes and NS-branes 
respectively. These extended objects carry charges, generalizing those carried by 
electrons. The RR fields are classified by K-theory }MM] [W61 and are twisted by 
the NS fields leading to a twisted K-theory classification [W6^ (see also |BM ), in 
the sense of |Ro] |BCMMS] . Such a description has been refined to more general- 
ized cohomology theories, most notably elliptic cohomology. This was approached 
from cancellation of anomalies in type IIA string theory ^KSl. , studying the com- 
patibility of generalized cohomology twists with S-duality in type IIB string theory 
|KS2| . and the study of modularity in the actions of type IIB string theory and 
F-theory [KS3] [Si] . 

The study of sigma models involves loop spaces as follows. The definition of 
spinors require lifting the classifying map of the tangent bundle from the special 
orthogonal group SO(n) to the spinor group Spin(n), which corresponds to killing 
the first homotopy group 7ri(S0(n)) of SO(n). In string theory a further step is 
needed, namely lifting the spinor group to the String group String(n) by killing 
7r3(S'0(7i)), giving rise to String structures. Existence of such structures is a 
condition for the vanishing condition of the anomaly of a string in the context of 
the index theory of Dirac operators on loop space |W3| |Ki| . The String structure 
is regarded as a lift of an LSpin(n)-bundle over the free loop space LX through 
the Kac-Moody central extension LSpin(n)-bundlc [Ki] |CPj jPW] |Mc| . This 
lift can also be interpreted as a lift of the original Spin(n)-bundle down on target 
space X to a principal bundle for the topological group String(n) [STl] . This is, in 
fact, the realization of the nerve of a smooth categorified group, the String 2-group 
[BCSS| [H] . The above classification of String-bundles coincided with that of 2- 
bundles with structure 2-group the String 2-group |BS| [BBKj [BSt] . In addition 
to the above infinite-dimensional models, now there is a finite-dimensional model 
for the String 2-group ^S-P . The elliptic genus is a loop space generalization 
of the A-genus as the index of the Dirac-Ramond operator [SWj [PSW] |W2] 
[AKMW] . The Grcen-Schwarz fGSj anomaly can be computed as essentially the 
elliptic genus [LNSW . Mathematically, the connection between elliptic genera 
and loop spaces has been studied, notably in [A] and [Liuj . The String structure , 
required by modularity, provides an orientation [AHSj [AHRj for TMF, the theory 
of Topological Modular Forms [Ho| |Go| . 

At the level of conformal field theory, which is the quantum field theory on 
the worldsheet of the string, one has fields that are pulled back from the spacetime 
theory via the sigma model map, in addition to other fields. In two-dimensional 
supersymmetric quantum field theory the partition function, which is an integral 
modular function, is argued in jSTlj [ST2| to be an element in TMF. Another 
geometric description of elliptic cohomology via CFT is given in }HK2| . which 
builds on Segal's definition of CFT and on vertex operator algebras. A variant 
that has features of both [STl] and [HK2j is proposed in |GHK| using a newly- 
introduced notion of infinite loop spaces. 

We emphasize two main points, central to the theme of this paper, concerning 
the above mathematical structures: 



This might perhaps more correctly be called "cokilling" since it corresponds to the White- 
head tower rather than to the Postnikov tower. 
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(1) First, generally, that various structures appearing in this part of theoret- 
ical physics are much deeper (and thereby richer and more interesting) 
than the sketchy physics literature about them indicates. 

(2) Second, more specifically, that the above mathematical structures appear- 
ing in string theory are beginning to appear, even in a perhaps richer form, 
within the study of another theory, namely M-theory. 

M-theory (cf. |W5) |To3| ) is a conjectured theory in eleven dimensions that unifies 
all five ten-dimensional superstring theories. The theory is best understood through 
these string theories and also via its classical low energy limit, eleven-dimensional 
supergravity theory [CJSj . Thus one strategy in studying the theory is to take 
eleven-dimensional supergravity and perform semi-classical quantization. Due to 
quantum effects the process is only selectively reliable. Among the reliable terms 
are the topological terms, i.e. the terms that are not sensitive to the metric. Metric- 
dependent quantities might undergo drastic changes due to quantum gravitational 
effects. One way of keeping the metric requires taking some large volume limit, 
making sure that the scale is larger than the critical scale at which Riemannian 
geometry can no longer provide a good description. As the theory is supersymmetrc, 
it will at least have a fermion (in this case, a section of the tensor product of the 
tangent bundle and the spin bundle) , and since it involves gravity, it will also contain 
a metric, or graviton. There is also an a priori metric-independent field, called the 
C-field. This is a higher-degree analog of a connection whose field strength - the 
analog of a curvature - is denoted by G4. 

The fields (aside from the metric and fermions) in string theory and M-theory 
are differential forms at the rational level, i.e. at the level of description of the 
corresponding supergravity theories. Gauge invariance leads to a description of the 
fields in terms of de Rham cohomology. Quantum mechanically, these generically 
become integral-valued and hence one needs to go beyond de Rham cohomology to 
integral cohomology. Dually, these fields can be described via homology cycles that 
admit extra geometric structures, such as Spin structures and vector bundles. This 
dual homological picture is captured by the notion of branes, namely D-branes in 
string theory and M-branes in M-theory. The fields and the branes are of specified 
dimensions, determined by the corresponding theory. In particular, D-branes have 
odd (even) spacetime dimensions, and hence even (odd) spatial dimensions, for 
type IIA (type IIB) string theory. For M-branes, spatial dimensions two for the 
M2-brane jBST) and five for the M5-brane [Gu] occur. 

The five string theories in ten dimensions are related through a web of dualities 
(see e.g. |Sch2j for a survey). The first kind of duality is called T-duality ( "T" for 
Target space), which relates two different theories on torus bundles, where the first 
theory with fiber a torus is related to a second theory with a fiber the dual torus. 
An example of this is T-duality between type IIA and type IIB string theories. The 
second kind of dualities is S-duality, or strong-weak coupling duality, which relates 
a theory at a high value of some parameter (strong coupling) to another theory 
at a low value of the same parameter (weak coupling). This generalizes the usual 
electromagnetic duality between electric and magnetic fields in four dimensions. 
Whenever we discuss dualities in this paper we will focus mostly on S-duality. A 
duality within the same theory is called self-duality. An example of this is the self- 
duality among the RR fields in type IIA/B string theory. At the rational level this is 
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simply a manifestation of Hodge duality. A delicate discussion of such matters can 
be found in [EV2j |FMSj . Another important example of this is S-(self)duality in 
type IIB string theory. Some subtleties on the relation of this duality to generalized 
cohomology are discussed in [BEJMS] |KS2| . 

The above dualities can be most directly seen at the level of fields. By Poincare 
duality, such dualities also manifest themselves at the level of branes. Branes of even 
(odd) spatial dimensions in type IIA (type IIB) are dual to odd (even) branes in type 
IIB (IIA) string theory. Furthermore, within the same type II theory, D-p-branes 
are dual to D-(6 — p)-branes, p even or odd for type IIA or type IIB, respectively. 
This is a homological manifestation of the self-duality of the RR fields. There 
is a similar duality in eleven dimensions which relates the C-field C3 to its dual 
Ce, which, at the rational level, is Hodge duality between the corresponding fields 
strengths G4 = *G7. This duality on the fields also has a homological interpretation 
as a duality between the M2-brane and the M5-brane. 

String theories in ten dimensions can be obtained from eleven-dimensional M- 
theory via dimensional reduction and/or duality transformations. M-theory on the 
total space of a circle bundle gives rise to type IIA string theory on the base space. 
By pulling back the fields along the section of the circle bundle tt, assumed trivial, 
one gets a D2-brane from an M2-brane |To2j and a NS5-brane from an M5-brane. 
On the other hand, upon integration over the fiber of tt, the M2-branes give rise 
to strings [PHIS] and the M5-brane give rise to D4-branes |To2l . The branes 
of type IIB string theory can also be obtained from those of M-theory on a torus 
bundle jSchl] . Similar relations hold at the level of fields: Integrating G4 in eleven 
dimensions over the circle gives H3 = ^^^.{G4), the field strength of the NS B-field. 
On the other hand, pulling back G4 along a section s, again assuming the circle 
bundle is trivial, gives a degree four field F4 — s*Ga, which is one component of 
the total RR field. An invariant description of this is given in [FSj and [MSaj . 

Branes carry charges- a notion that can be made mathematically precise- that 
can be viewed either as classes of bundles in generalized cohomology or as their 
images in rational or integral cohomology under a (normalized) version of the Chern 
character map. A working mathematical definition of D-branes and their charges 
can be found in ^BMRSj: A D-brane in ten-dimensional spacetime A" is a triple 
{W, E, i), where l : W ^ X is a closed, embedded submanifold and E g Yect{W) is 
a complex vector bundle over W. The submanifold W is called the worldvolume and 
E the Chan-Paton bundle of the D-brane. The charges of the D-branes [Poj can be 
classified, in the absence of the NS fields, by K-theory of spacetime [MM] , namely 
by K"{X) for type IIB [W6l and by K^iX) for type IIA fHoJ. The fields are also 
classified by K-theory of spacetime but with the roles of K'^ and interchanged 
[MWj [FHj . In the presence of the NS B-field, or its field strength H3, the relevant 
K-theory is twisted K-theory, as was shown in [ W6j [FW| |Ka| by analysis of 
worldsheet anomalies for the case the NS field [H^] € H^{X,'Z) is a torsion class, 
and in |BM] for the nontorsion case. Twisted K-theory has been studied for some 
time |DK| [Roj . More geometric flavors were given in 'B CMMSj . Recently, the 
theory was fully developed by Atiyah and Segal ^ASlj ^AS2] . The identification of 
twisted D-brane charges with elements in twisted K-theory requires a push-forward 
map and a Thom isomorphism in the latter, both of which are established in [CWj . 
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The study of the M-brane charges and their relation to (generahzed) cohomol- 
ogy is one of the main goals of this paper. Given the relation between generalized 
cohomology and string theory on one hand, and between string theory and M-theory 
on the other, it is natural to ask whether elliptic cohomology or TMF have to do 
with M-theory directly. Suggestions along these lines have been given in |KS1] 
|S1| jS2| |S3| . In particular in [KSl' it was proposed that the M-branes should be 
described by TMF in the sense that the elliptic refinement of the partition function 
originates from interactions of M2-branes and M5-branes. Furthermore, in |S3) it 
was observed that the M-theory field strength 6*4, rationally, can be viewed as part 
of a twist of the de Rham complex and suggested that the lift to generalized coho- 
mology would be related to a twisted version TMF. A twisted differential is one of 
the form d+aA acting on differential forms, where d is the de Rham differential and 
a is a differential form. Twisted rational cohomology is then the kernel modulo the 
image of d + aA. When a is a 3-form then one gets the image of twisted K-theory 
under the twisted Chern character (cf. [AS2] [BCMMSj |MSt] V 

The field strength G4 on an eleven-manifold satisfies the shifted quantiza- 
tion condition |W7) 

(1.1) [G^] + ]^\{Y^^) = a^H\Y^^-Z) , 

with \{Y^^) — JPliX^^)^ where is the first Pontrjagin class of the tangent 

bundle TY^^ oiY^^ and a is the degree four class that characterizes an E% bundle 
in M-theory }DMWj . There is a one-to-one correspondence between H^{M,'L) 
and isomorphism classes of principal Eg, bundles on M, when the dimension of M 
is less than or equal to 15, which is the case for Y^"^ in M-theory. This follows 
from homotopy type of i?8 being of the form (3, 15, • • • ). Up to the 14th-skeleton 
is homotopy equivalent to the Eilenberg-MacLane space i<r(Z, 3) so that up 
to the 15th-skeleton the classifying space BE^ is ~ K{'L,A). For the homotopy 
classes of maps [M,Es\ = [M,K{Z,i)\ = H^{M,Z) ii dimM < 14, and similarly 
{Equivalence classes of £^8 bundles on M} = [M, EEs] = [M, K{Z, 4)] = H^{M, Z) 
if dimM < 15. Therefore, corresponding to an element a € H'^{M,Z) we have an 
Es principal bundle P{a) M with pi{P{a)) = a. 

In }Waj the notion of a twisted String structure was defined, where the twist 
is given by a degree four cocycle. This degree four generalization of the twisted 
Spin*^ structure in degree three was anticipated there to be related to the fiux 
quantization condition ()l.ip . This was made explicit and precise in }SSS3j . where 
also the Green-Schwarz anomaly was shown to be more precisely the obstruction 
to having a refined twisted String structure. 

The study the dual NS- and M-theory fields of degree eight leads to even higher 
structures. The first appears in a dual form of the Green-Schwarz anomaly cancel- 
lation. The second satisfies a condition analogous to (|1.1[) in degree eight, as shown 
in [DFMj . In [SSSlj Fivebrane structures were introduced and the corresponding 
differential geometric structures, i.e. the higher bundles, are constructed. They are 
systematically studied in [SSS2j and shown to emerge within the description of the 
dual of the Green-Schwarz anomaly, involving the Hodge dual of H3 in ten dimen- 
sions, as well as in the description of the dual of the M-theory C-field in eleven 
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dimensions. Fivebrane structures can be twisted in the same way that String struc- 
tures can. Twisted Fivebrane structures are defined and studied in |SSS3j . and 
their obstructions can be matched with the dual of the Green-Schwarz anomaly. 
In fact, both twisted String and Fivebrane structures are refined in jSSS3) to the 
differential case, using a generalization of the discussion in [HSj . The notion of 
(twisted) String and, to some extent, Fivebrane structures can in fact be described 
in various ways, via: 

1. Principal and associated bundles. 

2. Gerbes and differential characters. 

3. Cech cohomology and Deligne cohomology. 

4. Loop bundles. 

5. 2-bundles and 6-bundles and their 2-algebras and 6-algebras, respectively. 

Another purpose of this paper is to provide the generalized cohomology aspect. 
The appearance of A in and the subsequent interpretation in terms of twisted 
String structures suggests a relation to a theory that admits that structure as an 
orientation. A Spin manifold M has a characteristic class A such that 2 A = pi{M). 
The paper [AHS] shows that M admits a TMF orientation if A = 0. More precisely, 
a String structure on a Spin manifold M is a choice of trivialization of A, and in 
}AHS| it is shown that a String structure determines an orientation of M in TMF- 
cohomology. In this paper we argue that the shifted quantization condition 
provides a twist for TMF and hence that defines a twist for TMF. More 

precisely, the cohomology class of G4 is ^A — a, which we view as a twist of the 
TMF orientation by the degree four class a of the i?8 bundle. Since ^ K(1j, 4) 
up to dimension 14 then a a priori can be any class in K{1,, 4). However, fixing an 
i?8 bundle completely fixes a. Conjectures for using a twisted form of TMF and 
elliptic cohomology - and hence that such structures should exist- to describe the 
fields in M-theory go back to [S2] [S3]. 

Given the interpretation of and its dual in terms of twisted String and 
Fivebrane structures and the proposed connection to twisted TMF, it is natural 
to consider the corresponding homological objects. The charge of the M5-brane is, 
rationally, the value of the integral of G4 over the unit sphere in the normal bundle 
in the eleven-dimensional manifold. We interpret the charge of the M5-brane in 
full and not just rationally, in a Riemann-Roch setting, as the direct image of 
an element in twisted TMF on the M-brane. The interpretation of the charges 
as elements of twisted TMF uses some recent work |ABGj on push-forward and 
Thom isomorphism in TMF. This is a higher degree generalization of the case of 
D-branes, where the iJ-field defines a twist for the Spin^ structure and the charge 
is defined using the push-forward and Thom isomorphism in twisted K-theory. 

Given the topological structures defined by G4 and its dual, it is natural to 
ask for geometric models for the corresponding potentials, i.e. the G-field G3 and 
its dual. There is the E^. model of the G-field }DMW| [PFM) . mentioned above, 
which is essentially a Chern-Simons form, or more precisely a shifted differential 
character, where the shift on the Eg, bundle class a is given by the factor ^A. In 
an alternative model in terms of 2-gerbes jAjj , picking a connection A on the E^ 
principal bundle P{a) gives a Deligne class, the Chern-Simons 2-gerbe CS{a), with 
a its characteristic class. The interpretation we advocate in terms of twisted String 
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structures allows for other interpretations of the C- field, where the term is now 
the 'main' term, since it is responsible for defining the String structure, and the 
term a coming from the Eg, bundle is merely a twist for that structure. This gives 
the tangent bundle- related term a more prominent role. In fact, this model can 
be described at the differential twisted cohomology level |SSS3j . In this paper we 
provide an identification of the C-field as the String class, i.e. as the class that 
provides the trivialization of the String structure. We also do the same for the dual 
of the C-field which we identify with the Fivebrane class, the class that provides the 
trivialization for the Fivebrane structure. We also give an alternative description 
using differential characters. 

The appearance of higher chromatic phenomena in |KSlj |KS2] [KS3| in rela- 
tion to string theory, and the appearance of Fivebrane structures in degree eight in 
string theory and M-theory naturally leads to the question of whether higher degree 
twists exist in this context. Indeed, in [S6j it was shown that a degree seven twist 
occurs in heterotic string theory, manifested via a differential of the form d + HjA. 
The lift of this twisted rational cohomology to generalized cohomology suggests the 
appearance of the second generator V2 at the prime 2 in theories descending from 
complex cobordism MU. This generalizes the situation in degree three, where the 
Bott generator u — vi in K-theory appears via d+viHaA. In this paper we consider 
the fields in M-theory as part of a twist in de Rham cohomology, extending and 
refining the discussion in [Slj |S2j [S3| . In addition we consider duality-symmetric 
twists, i.e. twisted differentials whose twists are uniform degree combinations of 
the //-field and its dual as well as G4 and its dual. The second case leads to an 
interesting appearance of the M-theory gauge algebra, which in turn leads to the 
super-tranlation algebra. We also provide an Loo-algebra description of this gauge 



algebra. 






String Theory 




M-Theory 


sigma model 0:1]^^ 


sigma model $ : ^ Y^^ 


V'er(S's;2®0*TXio), B2 1- 


gerbe 


Tp e T{SM^ ®M{M^ ^ r"), C3 2-gerbe 


D-branc D dT? 


M5-brane D dAP 


Freed- Witten condition W3 -|- 


[i/s] = 


Witten Flux quantization -^A + [G4] = a 



Table 1. Extended objects in string theory and in M-theory. 



This paper is written in an expository style, even though it is mainly about 
original research. In fact, there are three types of material: 

• Survey of known results, with some new perspectives a well as providing 
some generalization. 

• New research established here. 

• New research announced and outlined here and to be more fully developed 
in the future. This material is mostly based on discussions with Matthew 
Ando, Chris Douglas, Corbett Redden, Jim Stasheff, and Urs Schreiber. 
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We hope that the expository style makes it more self-contained and accessible to 
mathematicians interested in this area of interaction between physics on one hand 
and geometry and topology on the other. 

2. The M-theory C-Field and String Structures 

Consider an eleven-dimensional Spin manifold Y^^ with metric g. Correspond- 
ing to the tangent bundle TY^^ with structure group SO{ll) there is the Spin 
bundle SY^^ with structure group the Spin group Spin(ll), the double cover of 
50(11). Let w be the Spin connection on SY^^ with curvature R. Using the 
metric we can identify the cotangent bundle T*Y^^ with the tangent bundle. The 
field content of the theory is the metric g, a spinor one-form ^ , i.e. a section 
e r(S'r" » T*r"), and a degree three form C3. 

2.1. The Quantization Condition and the Eg model for the C-field. 

The quantization condition on G4 on Y^^ is given in equation (jl.ip . This can be 
obtained either from the partition function of the membrane or from the reduction 
to the heterotic Es x Eg theory on the boundary |W7) . We will reproduce this 
result using the membrane partition function in a fashion that is essentially the 
same as appears in |W7| but with details retained. Since the Spin cobordism 
groups f^4fc"3 are zero, we can extend both the membrane worldvolume and 
the target spacetime Y^^ as Spin manifolds to bounding manifolds X"* and Z^^, 
respectively. In fact we can also extend Eg bundles on AI^ and Y^^ to Eg bundles 
on X"* and Z^^, respectively, since MSpin^ {K{Z,4)) = for i = 3, 11 |Stg| where 
BEs has the homotopy of i4r(Z, 4) in our range of dimensions. The effective action 
involves two factors: 

(1) The 'topological term' expi J^^j^ C3, 

(2) The fermion term expi Jj^^ ipDip, where the integrand in the exponential 
is the pairing in spinor space of the spinor "0 with the spinor D-tJj, where 
D is the Dirac operator. 

The first factor will simply give expi G4. Now consider the second factor. 
Corresponding to the map ip : X* Z^^ we have the index of the Dirac operator 
for spinors that are sections of S{X*) ^(f)*TZ^'^ given via the index theorem by the 
degree two expression 



Indexl? = 



AiX'') A ch{<t>*TZ'^) 



i-^Pi(rx4) 



(2) 

T:aii\{TZ^^)+c\i2{(t)*TZ^ 



(2.1) = j^^\vM*TZ'^)-\p,{X^). 

On the other hand we have a split of the restriction of the tangent bundle TZ^^ to 
X^ as rZi2 = TX^®NX^ with A/'X* the normal bundle of X^ in Z^^. Taking 
the characteristic class A of both sides we get that the index is equal to A(A/'X"'). 
The effective action involves the square root of the index so that the contribution 
from the second factor in the effective action is exp2ni^X{I\fX^). This gives the 
result in jW7| provided we assume that A/'(M^ ^ F") = N{X^ ^ Z^^). 

Proposition 2.1. The M-theory field G4 satisfies the quantization condition (|l.ip . 



GEOMETRIC AND TOPOLOGICAL STRUCTURES RELATED TO M-BRANES 



9 



Remarks 2.2. The condition (jl.ip has the fohowing consequences jW7j : 

(1) When A is divisible by two then G4 cannot be set to zero. 

(2) When ^ is integral then the tadpole anomaly of |SVW| vanishes. 

(3) The relation is parity-invariant, i.e. requiring G4 — -I to be integral is 
equivalent to G4 + -I being integral. 

The Eg, model of C-field. The C-field at the level of supergravity will be just a 
real-valued three-form C3 € n^{Y^^;R). The field strength is G4 = dCs G fl^iY^'^). 
This is invariant under gauge transformations G3 — >■ C3 -I- d4>2 , where 02 is a two- 
form. Factoring out by the gauge transformations amounts to declaring the fields 
to be in cohomology. Upon quantization, several features become important: inte- 
grality via holonomy, the presence of torsion, and possible appearance of anomalies. 
Taking these into account, a model for the G-field was obtained in [W7| and further 
developed in |DMW| |DFM| [Mo] . 

Let P be a principal Es bundle over Y^^ with the characteristic class a pulled 
back from H^{BEs;Z). Let A be a connection on P with curvature two- form 
F. The C-field in this model is given by C = CSsiA) - ^CS{uj) + c, where 
(75*3 (A) is the Chern-Simons invariant for the connection A, CS{uj) is the Chern- 
Simons invariant of the connection uj on the Spin bundle, and c is the harmonic 
representative of the C-field which dominates at long distance approximation, i.e. 
in the supergravity regime. The Chern-Simons forms and the Pontrjagin forms are 
related as dCSsiA) = TrF A F, dCSsiiv) = TiR A R, so that the field strength of 
the C-field is given by 

(2.2) G4 = Tri^ AF- ^Tri? AR + dc. 

The cohomology classes are [TrFAF]^^ = or, [TrEAi?]^^ = ^ {pi{TY^^))^. 
Globally, the C-field can be described as the pair jPFMj 

(2.3) (A, c) e fp(r") AiP{a)) x n^{Y''), 

where A{P{a)) is the space of smooth connections on the bundle P with class a. 

2.2. Twisted String structures. 

Definition 2.3. An n-dimensional manifold X admits a String structure if the 
classifying map X — > BO{n) of the tangent bundle TX lifts to the classifying space 
SString B0(8). 

B0(n)(8) 

(2.4) f;...--^ 

M "- BO(n) . 

Remarks 2.4. (1) The obstruction to lifting a Spin structure on X to a 

String structure on X is the fractional first Pontrjagin class ^pi{TX). 
(2) The set of lifts, i.e. the set of String structures for a fixed Spin structure is 
a torsor for a quotient of the third integral cohomology group H^{X; 1). 
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Definition 2.5 ( |Waj jSSS3j ). An a- twisted String structure on a brane l : M 
X with Spin structure classifying map f : M ~^ BO{n){A) is a cocycle a : X ^ 
K{'L,A) and a map c : BO{n){A) — !> K{1^A) such that there is a homotopy rj 
between BO{n){A) and X, 

M ^-^BO{n){A) 




X -if(Z,4) 

The homotopy -q is the coboundary that relates the cocycle c/ to the cocycle au. 
Hence on cohomology classes it says that the fractional Pontrjagin class of M does 
not necessarily vanish, but is equal to the class l* [a] . 

The twisted String case was originally considered in |Wa| . The definition is 
refined to structures dubbed J^^™^ that account for obstructions that are fractions 
of the ones for the String structures. For example, the fractional class ^pi shows 
up in (|l.ip . As an application, which was originally the motivation: 

Theorem 2.6 ( |SSS3| ). (1) The Green- Schwarz anomaly cancellation con- 

dition defines a twisted String structure pulled hack from BO{\Q){A) = 
-BSpin(lO). The twist a in this case is given by (minus) the degree four 
class of the Eg x Es bundle. 

(2) The anomaly cancellation condition in heterotic M-theory and the flux 
quantization condition in M-theory each define a twisted String structure 
pulled back from J-^^^ = BO{jPi). The twist a in this case is given by 
[G4] minus the class of the E^ bundle. 

The division of A by 2 require some refinement of the structure |SSS3| as 
mentioned in Remarks 16.111 The relation to orientation in generalized cohomol- 
ogy is discussed in the study of the membrane partition function in section 12.41 
Note that when we consider M-theory with a boundary dY^^^ , where essentially 
the heterotic string theory is defined, [G4] would be zero when restricted to dY^^^ . 
In this case the flux quantization condition defines a a-twisted String structure 
^Pi{dY^^) — ajgyii 7^ on that boundary. This is discussed further in section [Ol 

2.3. The C-field as a String class. Let (•,•) be a suitably normalized Ad- 
invariant metric on the Lie algebra spin(ll) of Spin(ll). Then the 4-dimensional 
Chern-Weil form {R A R) G rj'*(y") on is one-half the first Pontrjagin 

class (restoring normalization) ^pi{S,uj) = —j^Tt{R A R). We will later assume 
the following condition on the Pontrjagin class ^pi{Y^^) = in H^{Y^^;M.). This 
means that the bundle S{Y^^) admits a String structure. A choice of String struc- 
ture is given by a particular cohomology class S G (S'(F^^);Z). This element 
restricts to the fiber as the standard generator of iJ'^(Spin(ll); Z) = Z. 

In terms of the curvature R of the connection uj on the condition 

ipi(S'(y")) = e means that [TiRAR] = G H'^{Y^^;R). The 

Chern-Simons 3-form of the connection uj on the principal bundle S(Y^^) is the 
right- invariant form (75*3 (cj) := {uj A R) ~ ^{uj A[uj,uj]) G ^1^(5), whose pull-back to 
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the fiber via the inclusion map i : Spin(ll) ^ 5* is the real cohomology class — ^(wA 
G i/'^(Spin(ll); M) associated to the real image of the standard generator of 
i/'^(Spin(ll); Z) = Z. The Chern-Simons form CSsloj) provides a trivialization for 
the zero cohomology class above: dCS^iuj) = TrR ARe n'^{S{Y^^)). 

Now we consider the geometry on the total space of the Spin bundle. Cor- 
responding to a choice of Riemannian metric g on Y^^ and a connection lo on 
gives rise to a metric gs on the total space S{Y^^). Under the decomposi- 
tion TS{Y^^) = TT*{TY^^ ©5pin(ll)) of the tangent space into orthogonal vertical 
and horizontal subspaces, the metric decomposes as gs ■= TT*{g ©5spin{ii))' where 
q„ . ,,,, is the metric on the fiber. 

^Spin(ll) 

In relating the fields on the base to classes on the total space, one is forced to 
use the adiabatic limit, introduced in |Wlj . of the metric on the total space. In 
particular, as is constructed in jRlj , the String structure S on S(Y^^) is related 
to a form on the base in this fashion. This way there is a one-parameter family of 
metrics gs = n* {-gjg ® 9sj,ia(ii)) '^^ bundle S{Y^^) with parameter S. This is 
reminiscent of a Kaluza-Klein ansatz frequently used in supergravity. Now consider 
the adiabatic limit 5 ^ oi gs . Note that metrics in the adiabatic limit have been 
used in this form e.g. in [MSa] in the reduction from M-theory in eleven dimensions 
to type II A string theory in ten dimensions. 

Relative Chern-Simons form on Y^^. Before considering the C-field we will 
need the following. Consider an Es bundle P over Y^^ with connection A G 
n^iP;es) and curvature Tr*n = dA+^[A,A] e n^{P;es), where n G n^{Y^^;adP), 
a two-form with values in adP. The space Ap of connections on P is an affine space 
modeled on n^{Y^^;a.dP). Using |Frl| we can define a relative Chern-Simons in- 
variant on the base. Given two connections Aq and Ai in Ap, the straight line 
path At = {1 — t)Ao + tAi, < t < 1, determines a connection A on the bundle 
[0, 1] X P ^ [0, 1] X Y^^ . The relative Chern-Simons form is then 

(2.5) CS3{Ai,Ao):=- [ TtF^{A) e fl^Y^^) 
Using Stokes' theorem 

dCS3{Ai,Ao) ^ -d [ TrF2(A) 

J[0.1] 

= - f dTrF2(A) + (-l)(ii-4) f XrF2(A) 

(2.6) = + TtF^{Ai) -TtF^{Ao) . 
Now we are ready to consider the C-field. 

Invariance of the C-field. The C-field is invariant under the following trans- 
formations |DFM| : A' ^ A + a and C3 = C3 - CS3{A,A + a) + A3, where 
a G (ad5'(F^^)) and A3 is a closed 3-form on Y^^. The Chern-Simons invariant 
takes values in M/Z so that it is not defined as a differential form unless exponen- 
tiated. The relative Chern-Simons invariant is defined as in (|2.5p . 
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If we include the Spin bundle S{Y^^) then we also have an invariance of the 
connection lo and a corresponding shift in the relative Chern-Simons form of lo. 
Thus we have 

Proposition 2.7. The C-field is invariant under the following transformations 

(1) LU'=0J + I3, 

(2) A' = A + a, 

(3) ^ ~ CS3iA,A + a) + ^CSsiiu^Lo + f3) + As, 

where a e ri^(adP), /3 e r2^(ad5), and A3 G n^{Y'^^) is a closed differential form 

on r". 

Note that in terms of differential characters, A3 will be integral as in [DFM]. 

Harmonic part of the C-field. The C-field has a classical harmonic part, which 
we now characterize. The Bianchi identity and equation of motion for the C-field 
in M-theory are 

(2.7) dGi ^ 

(2.8) " ^GiAG^-Is, 

where Is is the one-loop term jVW] [DLMj -^8 = ^ {P2 — i^Pi)'^), a polynomial 
in the Pontrjagin classes of F"'^"'^, * is the Hodge duality operation in eleven 
dimensions, and £p is the scale in the theory called the Planck constant. The 
classical (or low energy) limit given by eleven-dimensional supergravity, is obtained 
by taking £p — and is dominated by the metric-dependent term. The other limit 
is the high energy limit probing M-theory and is dominated by the topological, i.e. 
metric-independent terms. 

Let : {n^{Y^^),g) — > {n^{Y^^),g) be the Hodge Laplacian on 3-forms on 
the base Y^^ with respect to the metric g given by A^ = d d + d d, where d is 
the adjoint operator to the de Rham differential operator d. Assuming [G4] = in 
H^(Y^^;M^) so that G4 = dC^, then applying the Hodge operator on (|2.8p gives 

Proposition 2.8. In the Lorentz gauge, d C3 = 0, we have 

(1) AgC3 ~ where jg is the electric current associated with the membrane 
given by 

(2.9) Je = A G4 - /g) . 

(2) C3 is harmonic if — > and/or there are no membranes. 

The space of harmonic 3-forms on Y^^ is HgiY^^) := kerA^ C Q^{Y^^). 
We would like to consider harmonic 3-forms on the Spin bundle S{Y^^). Let 
A^^ : {n^{S{Y'^^)),gs) {n^iSiY'^^)), gs) be the Hodge Laplacian for 3-forms 
on S{Y^^) with respect to the metric gs. The harmonic forms, which are in kerA^^, 
on the Spin bundle can be calculated in the adiabatic limit (5 — > 0. The expression 
for kerAg := lim5_j.o kerA^^ was calculated in |R1| . using the spectral sequence of 
[MaM] ■ further developed in [D] [Fo] . Applying the results of |R1| to our case 
gives 
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Proposition 2.9. (1) When ipi(F") ^0 E H^{Y^^;R), i.e. [TiR A R] ^ 

e i74(y";R) then kerAj^ = Tr*Hl{Y^^) C n^{S{Y^^)). 
(2) When = then 

(2.10) kerAg = M [CS-slw) - 7r*/i] ® 7r*H^(r") C {^^(^'(r")) , 

where h E ^'^{Y^^) is the unique form such that dh = TiR A R, h E 

d'n\Y^^) . 

We see that for the C-field in M-theory we have 

Proposition 2.10. (1) When Y^^ is a Spin manifold such that ipi(F^^) ^ 

, the little c-field is a harmonic form both on Y^^ and on S{Y^^). 
(2) When Y^^ is a String manifold, i.e. with ^pi{Y^-^) = in cohomology, 
so that [Gi] = a, then there is a gauge in which the 3-form part of the 
C-field is that defining a String class, as in the above discussion. 

Remark 2.11. The combination of forms appearing in proposition 12.91 are exactly 
the ones also appearing in heterotic string theory. Indeed, the Chapline-Manton 
coupling is a statement about the String class. 

The String class from the String condition on the target Y^^. From (|2.2p . 
we see that when G4 = Tr_F A F then |Tri? A R = dc. At the level of cohomology 
this means that ^pi{S,uj) = 0, i.e. that our space admits a String structure S. 
Let us form the combination CS3{uj) — Tr*c E fl^{S). Consider a choice of String 
structure S E H^{S{Y^^):Z). From (|2.10p . using the results in iRlj , the adiabatic 
limit of the harmonic representative of S is given by 

(2.11) [S]o lim^^oi'Slg, = CS^iuj) - 7r*C3 E n^S), 
where the form C3 E fl^{Y^^) has the properties: 

(2.12) dc3 = lpiiS,Lu), 

(2.13) d C3 = (Lorentz condition) . 

Observation 2.12. Under these assumptions, the C-field can be identified with a 
String class. 

Remark 2.13. Consider a change of the String structure S. If the String structure 
is changed by ^ e H^{Y^^;Z) then the cohomology class of the String structure 
changes, in the adiabatic limit, as 

(2.14) [5-f^*^]o = [5]o + 7r*K]g . 

Since ^ is a degree three cohomology class, the field strength C4 does not see the 
change in String structure. However, at the level of the exponentiated C-field, i.e. 
at the level of holonomy or partition function of the membrane, there will be an 
effect. See the discussion leading to observation l2.16l This will be formalized and 
considered in more detail in a future work. 
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2.4. The String class from the membrane. Consider the embedding of 
the membrane S'^ ^ Y^^ with normal bundle Af. The fields on the membrane 
worldvohime include a metric h, the puUback of the C-field and a spinor ip S 
r(S'(r")|s3). Restricting S'(y") to gives the splitting 



(2.15) 



where kappa symmetry- a spinorial gauge symmetry- requires the fermions to be 
sections of the first factor [BSTj . Taking the membrane as an elementary object, 
the exponentiated action will contain a factor exp [« J^.^ (C3 + i£~^vol{h)\ . This is 
one part of the partition function, with another being the spinor part given by the 
Pfaffian of the Dirac operator. Neither of the factors in 



(2.16) ZAf2 = Pfaff(£)s(s3),8S-(A/-))exp i ( 

L Js3 



(C3 



- ie-\ol{h) 



are separately well-defined, but the product is jW7| . Taking E"^ to be the boundary 
of a 4-manifold B'^ we get J^^ G4 in place of the first factor in the exponent in (|2.16p . 
The partition function is independent of the choice of bounding manifold i?^. 

The quantization condition (|l.ip for the C-field in M-theory was derived in 
|W7| by studying the partition function of the membrane of worldvolume 
embedded in spacetime Y^^. There, the manifold was assumed to be Spin. 
Here we notice that already admits a String structure because ipi(M^) = 0, 
by dimension reasons. Since this is automatic, one might wonder what is gained by 
assuming this extra structure. We will proceed with justifying this. 

The idea is that while always admits a String structure, we can have more 
than one String structure. We have the following diagram 



(2.17) 



BString ■ 




BSpin ■ 



K{'L,A) 



Choosing a String structure -0 is equivalent to trivializing X o a. If we fix one 
String structure ip then any other is classified by maps from to iir(Z, 3), which 
is H^{M^;Z). If we take K{Z,3) = BK{Z,2) then we can say that the set of 
String structures on is a torsor over the group of equivalence classes of gerbes 
on . From one given (equivalence class of) String structure we obtain for each 
(equivalence class of a) gerbe another (equivalence class of a) String structure. 
Notice that in the non-decomposible part of the C-field C3 + h^, is the curvature 
of the gerbe. It is closed as a differential form. We can see that there is a gerbe on 
the membrane worldvolume by taking the membrane to be of open topology and 
having a boundary on the fivebrane. There is then a gerbe connection C3 — db2, 
where 62 is the chiral 2-form on the M5-brane worldvolume (see e.g. |AJj V In this 
case we have the exponentiated action 



(2.18) 



exp 



b2 + i 



/9S3 JS3 

(See also Remark [2. 131 and the discussion around equation (|2.25p ). 
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Now wc consider the bounding 4-diniensional space B*, dB* ~ M^. Starting 
with a Spin M^, there are two cases to consider, according to whether B'^ is Spin 
or String. We will make use of an approach due to David Lipsky and to Corbett 
Redden. Let us start with the Spin case. Including i?^ in diagram (|2.17p we get 




Let CAP be the cone on AP. The fact that 



(2.20) m3 — ^ ^String ^ * 

BSpin ^ K{Z, 4) 



commutes up to homotopy means precisely that there is a strictly commuting dia- 
gram 




Moreover, the cone is precisely the pushout 



(2.22) 



AP 



AP X / ^ CAP 
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through which, hence, diagram (|2.21|) factors 
(2.23) m3 — 



M3 — 

■41 

SString 



BSpin ■ 



X I- 



Here Cip is the extension of ip from to the cone on M^. Therefore, we find that 
the following diagram 



(2.24) 




X(Z,4) 



commutes. Note that the fact that ip extends from AI^ to the cone of M^, as 
indicated, is crucially another incarnation of the fact that ip is homotopic to the 
map through the point. The map p is equivalent to a String structure, and the map 
A(t, -0) is the relative String class. Let [B'^,M^] be the relative fundamental class 
and ( , ) the pairing between cohomology and homology. For this pairing we will 
study integrality and (in)dependence on the choice of or structures on B^. The 
long exact sequence for relative cohomology is 



(2.25) 



where W3 is the volume form on Afi and a is a real number. The sequence then 
is explained as follows. Given a choice of initial String structure on M'^, any other 
choice will be given by the difference with multiples of the volume form W3. Note 
that the only parameter which is varying is a G M. 

Then, let i?'^ be another bounding manifold with corresponding Spin structure 
r'. Then, by the index theorem. 



(2.26) 
so that 
(2.27) 



7b4 24 24 



A(t,0) 



Xir^ip) = 24a;, x G Z 
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Now taking e^^' of both sides gives that the expression is an integer. So this 
together with what we explained above also gives that integral does not depend on 
the choice of or structures on S^, and we have the following 

Proposition 2.14. In the case when is String and B'^ is Spin, the relative 
pairing (A(r, V) , [B^.M'^]) = J^^ A(r,'(/)) is well-defined mod 24. 

Now consider the case when also admits a String structure, so that J^^ A — 
0. In this case, the question simply reduces to a statement in cobordism of String 
3-manifolds rjf^^Z/24 defined by (M^,?/') ' — > Jb* A(r, V'). Therefore 

Proposition 2.15. In the case when both and B"^ are String manifolds, the 
relative pairing (A(r, ■0) , [B^,M^]) = fgi A(r, V') is well-defined mod 24. 

Dependence of the membrane partition function on the String structure. 

Taking (I2.16P into account and the fact mentioned above (in the proof of proposition 
12.141 that changing the String structure of the membrane amounts to changing its 
volume, we have for membrane worldvolumes with String structure 

Observation 2.16. The membrane partition function depends on the choice of 
String structure on the membrane worldvolume. 

Remarks 2.17. (1) There are nonperturbative effects, namely instantons, 

resulting from membranes wrapping 3-cycles in spacetime. See for exam- 
ple [HM) . 

(2) In the case of string theory, the partition function depends crucially on 
the Spin structure of the string worldsheet. Modular invariance requires 
summing over all such structures |SW] . The observations we made above 
then suggest that the membrane theory would require a careful consider- 
ation of dependence on the String structure, and possibly summing over 
such structures. We hope to address this important issue elsewhere. 

The framing in Chern-Simons theory. We can look at the dependence of the 
membrane partition function on the String structure through the dependence of 
Chern-Simons theory on the choice of framing. The partition function of Chern- 
Simons theory on depends on |W4| : M^, the structure group G, the Chern- 
Simons coupling k, and a choice of framing / of the manifold. In particular, the 
semiclassical partition function, while independent of the metric, it does depend 
on the choice of framing, and different framings generally give different values for 
the partition function. However, there are transformations that map the value 
corresponding to one framing to the value corresponding to another. A framing of 
is a homotopy class of a trivialization of the tangent bundle TM^. Given a 
framing / : TM^ of the gravitational Chern-Simons term can be defined 

as 

(2.28) i^j,(gj)^±f f*CS{uj), 

where g is the metric on M'^, w is the Levi-Civita connection on M'^, and the 
integrand is the puUback via / of the Chern-Simons form on TM^ . 
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In dimension three, there is an isomorphism between the String cobordism 
group Slg*"^'"^ and the framed cobordism group il^^ . Thus, the study of Chern- 
Simons theory with a String structure is then equivalent to the study of Chern- 
Simons theory with a framing. Therefore, it is natural to consider a String structure 
in Chern-Simons theory, and hence on the membrane worldvolume, since the latter 
is essentially described by Chern-Simons theory. 

We argue that not only is a String structure allowable, but is in fact desirable. 
This is because such a structure explains the framing anomaly in a very natural way. 
Under the transformation Im^ — Im^ + 27rs, where s is the change in framing, the 
partition function transforms as iW4^ Z^s Zm^ -exp (27ris • ^) , for d a constant 
related to the level of the theory. This factor of 24, making the partition function 
essentially a 24th root of unity, is reflection of the fact that both the String- and the 
framed cobordism group are isomorphic in dimension three to Z/24. Any Lie group 
G has two canonical String structures defined by the left invariant framing and 
the right invariant framing fa of the tangent bundle TG. For example taking to 
be G = SU{2), there are three framings: a left framing and a right framing (related 
by orientation reversal) and a trivial framing given by taking = dD^ to be the 
boundary of the 4-disk. The invariants associated to these framings are the images 
of Vtf™^ under the tr-map (the String orientation [AHSQ in tmf-^ ^ Z/24. This 
map depends on the String structure in an analogous way that its more classical 
cousin, the Atiyah a-invariant, refining the A-genus from Z to KG, depends on the 
Spin structure. From the isomorphisms tt^S'^ — !> tts A/ String — ^ TTstmf [Ho] these 
values are as follows 

^string _^ ^^j^Z 
1 

^ ~24 

1 

^ 24 

(2.29) [SU{2),dD^] ^ 0. 

The transformation of the partition function can then be soon more transparently 
using String cobordism. Thus, we get more confirmation to observation 12.161 and, 
in fact, we can also add 

Observation 2.18. The dependence on framing of Chern-Simons theory (and 
hence also for the membrane partition function) can be seen more naturally within 
String cobordism. We thus conjecture that the membrane partition function takes 
values in (twisted) tmf. 

Note that within Spin cobordism there would be no nontrivial expressions in 
dimension three. This is because ilg^'" = and also the target for the Atiyah a- 
invariant, KO^^pt), is also zero. Furthermore any generalization of a, for example 
to the Ochanine genus with target A'03(pt)[[g]] would also be trivial. 

Further relation to generalized cohomology. There is further a connection 
of the membrane partition function to generalized cohomology from another angle 
as follows. The Stiefel- Whitney class Wi is the mod 2 reduction of A = ^pi. This 
implies that A is even if and only if W4 = 0. The latter is in fact an orientation con- 
dition in real Morava £^-theory EO{2) |KS1) (worked out there for a different but 



[SU{2)Jl] 
[SU{2)Jn] 
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related purpose). Therefore, in order to remove the ambiguity in the quantization, 
we require i?0(2)-orientation. 

Proposition 2.19. Tlie membrane partition function is well-defined in E0{2)- 
theory. In particular, G4 is an integral class when the underling spacetime is E0{2)- 
oriented. 

Remarks 2.20. (1) This means that eleven-dimensional spacetime backgrounds 

in M-theory with no fluxes should be i?0(2)-oriented. 

(2) Note that EO{2) is closely related to the theory EO2 of Hopkins and 
Miller, which in turn is closely related to TMF. 

(3) The M-theoretic partition function via Es gauge theory of [OMW] is 
considered for the String case in |S7| . 

The case when the Spin bundle is trivial. Consider the case when S{Y^^) is 
trivial as a principal bundle. This then means that there is a global section. Such 
a section s : Y^^ — > S{Y^^) gives an isomorphism of principal bundles 

(2.30) S'(r") r" X Spin(ll) . 

Using the fact that ff* (Spin(ll); Z) = for z = 1, 2, the Kiinncth formula gives an 
induced isomorphism on integral cohomology 

H^{S;Z) = i/3(rii;Z)®i73(Spin(ll);Z) 

(2.31) 5 ^ (0 , Ispin) . 

The String structure is then determined by s and is an element S G H^{S; Z) which 
corresponds to the pullback of the generator Ispin G 77'^(Spin(ll); Z). 

Note that the differential d acting on p*CS3{uj) is ^pi{u!), which is the same 
as dc. This means that [p*CS3{uj) — c] G H^{Y^^;M.). Consider the membrane 
worldvolume M^, taken as a 3-cyclc X G Map(M3,y"). Then p{X) C x 
{pt} C S under the isomorphism (|2.30p induced by the global section s. The 
triviality of the bundle implies that any class f G H^{S; Z) is zero when evaluated 
on 3-cycles in Y^^ C S, [s(S^)]),, where [s(S^)] is the fundamental class of 
the 3-cycle s(E^) in S{Y^^). Then, in real cohomology 

(2.32) 0==/ K]o= / {CS3{oj)~7r*c)= f {s*CS3{oj) - c) . 

This holds for an arbitrary 3-cycle go that [s*CS3{u) - c] = G i/'''(r";M). 
Now if d (s*CS'3(w)) = 0, the since d c = 0, then s*CS3{uj) — c is harmonic, 
and hence zero, so 3*083(10) = c. Therefore, in this case, following the general 
construction [Rl| |R2] . 3*083(0:) and c are equal to the cocxact and harmonic 
components, respectively. 

The C-field as a Chern-Simons 2-gerbe. In |CJMSW] a Chern-Simons bun- 
dle 2-gerbe is constructed, realizing differential geometrically the Cheeger-Simons 
invariant |CS) . This is done by introducing a lifting to the level of bundle gerbes 
of the transgression map from H'^(BO;'Z) to H^(0;'Z). A similar construction is 
given in jAJj . Both groups of interest, Spin(n) and Es are simply-connected, a fact 
that removes some subtleties from the discussion. 
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For any integral cohomology class in H'^{Spm{n);'E), there is a unique stable 
equivalence class of bundle gerbes ( |Muj jMuSj ) whose Dixmier-Douady class is 
the given degree three integral cohomology class. Geometrically H'^{BSpin{n);Z) 
can be regarded as stable equivalence classes of bundle 2-gerbes over i3Spin(n), 
whose induced bundle gerbe over Spin(n) has a certain multiplicative structure. 
More precisely, given a bundle gerbe Q over Spin(n), Q is multiplicative if and only 
if its Dixmier-Douady class is transgressive, i.e., in the image of the transgression 
map T : i?4(SSpin(n); Z) ^ H^{Spm{ny,Z) [CJMSWj . 

Consider a principal Spin(n)-bundle P with connection A on a manifold AI . For 
the Chern-Simons gauge theory canonically defined by a class in H'^{BSpm{n); Z), 
there is a Chern-Simons bundle 2-gerbe Q{P,A) associated with the P which is 
defined to be the puUback of the universal Chern-Simons bundle 2-gerbe by the 
classifying map / of (P, A) [CJMSWj . 

With the canonical isomorphism between the Deligne cohomology and Cheeger- 
Simons cohomology, the Chern-Simons bundle 2-gerbe Q{P, A) is equivalent [CJMSW] 
in Deligne cohomology to the Cheeger-Simons invariant S{P,A) e H^{M,U{1)), 
which is the differential character that can be associated with each principal G- 
bundle P with connection A [CS I . A bundle gerbe version of the discussion of the 
invariance of the C-field in section 12.31 is provided by the following 

Proposition 2.21 f [AJ| (also [CJMSW] )). A Chern-Simons 2-gerbe is contained 
in the data of the C-field. 

The metric torsion part of C-field. Connections with torsion come in various 
classes. Especially interesting is the case when the torsion is totally antisymmetric. 
In this case the new connection is metric and geodesic-preserving, and the Killing 
vector fields coincide with the Riemannian Killing vector fields. Connections with 
torsion arise in in eleven-dimensional supergravity [E] and in heterotic string theory 
and type I [Strj . In the first case an ansatz is taken such that the little c-field is 
proportional to the torsion tensor T S il.^{Y^^), most prominently when Y^^ is an 
S"^ bundle over 4-dimensional anti-de Sitter space AdS4, in which case the torsion 
is parallelizing - see |DNPj . In the second case, the field in heterotic string 
theory acts as torsion, which is important for compactification to lower dimensions 

3. The M-theory Dual C-Field and Fivebrane Structures 

3.1. The Es model for the dual of the C-field. In [DFMj the electric 
charge associated with the C field is studied. From the nonlinear equation of motion 
()2.8p of the C-field, the induced electric charge that is given by the cohomology class 

(3.1) [^G'-h]DReH^iY,R). 

In [DFMj the integral lift of p.l|) is studied and denoted 9y(C) (and also 9y(a)), 
where C = {A,c). 

A tubular neighbourhood of the M5-brane worldvolume 1^ in Y is diffeomorphic 
to the total space of the normal bundle N V. Let X = Sr{N) be the 10- 
dimensional sphere bundle of radius r, so that the fibers of X^V are 4-spheres. 
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An ll-dimcnsional manifold Yr with boundary X is then constructed by removing 
from Y the disc bundle Dr{N) of radius r. Yr = Y — Dr{N), the bulk manifold, 
is the complement of the tubular neighbourhood Dr{N)). There are two path 
integrals or wavefunctions: 

(1) The bulk C field path integral %uik (Cx) J exp[GA*G]^{CY,. ) where the 
integral is over all equivalence classes of (7y^ fields that on the boundary 
assume the fixed value Cx ■ This wavefunction is a section of a line bundle 
£ on the space of Cx fields. 

(2) The M5-brane partition function 5*^5 (Cy), which depends on the C field 
on an infinitesimally small (r — )• 0) tubular neighbourhood of the M5- 
brane. 

In general, '^buik'^Aid is not gauge invariant and therefore it is a section of a line 
bundle. However, one can consider a new partition function ^'^,^5 that is obtained 
from multiple M5-branes stacked on top of one another instead of just a single 
M5-brane. This stack gives rise to a twisted gerbe on V as follows AJ . In order 
for 'i'bidk'^'Ms ^"^l^ defined, the twisted gerbe has to satisfy 

(3.2) [CS{7r,{ex))] - [^^Jkl,0, 0, 0] = [Dh] + [1,0, 0, Cy] , 

where, CS{tt^{Qx)) is the Chern-Simons 2-gerbe associated with 7r*(9x) and a 
choice of connection on the Eg bundle with first Pontryagin class 7r*(8x) (all other 
2-gerbes differ by a global 3-form), while [t?yfc/, 0, 0, 0] is the 2-gerbe class associated 
with the torsion class 9 on V, /3(i?) — 9, and [1, 0, 0, Cy] is the trivial Deligne class 
associated with the global 3-form Cy . In particular (|3.2p implies 

(3.3) MQx)-9 = ^nH, 

where the RHS is the characteristic class of the lifting 2-gerbe. 

3.2. Twisted Fivebrane structures. Fivebrane structures are obtained by 
lifting String structures as follows. 

Definition 3.1 ( |SSS1| [SSS2j ). An n-dimensional manifold X has a Fivebrane 
structure if the classifying map X —5- BO{n) of the tangent bundle TX lifts to the 
classifying space BFivebrane := BO{Q). 

B0(n)(9) 

(3.4) 

M "- ^ BO(n) . 

Theorem 3.2 ( |SSS2] ). (1) The obstruction to lifting a String structure on 

X to a Fivebrane structure on X is the fractional second Pontrjagin class 
\P2{TX). 

(2) The set of lifts, i.e. the set of Fivebrane structures for a fixed String 
structure in the real case, or the set of BU{9) structures for a fixed BU {7) 
structure in the complex case, is a torsor for a quotient of the seventh 
integral cohomology group iJ^(X;Z). 
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Twisted Fivebrane structures. Twisted cohomology refers to a cohomology 
which is defined in terms of a twisted differential on ordinary differenial forms. The 
twisted de Rham complex fl* {X^ dH2i+i) means the usual de Rham complex but 
with the differential d replaced by dH2i+i '■= d + ff2i+iA, which squares to zero by 
virtue of the Bianchi identity for H2i+i, provided that H2i+i is closed. The form 
on which this twisted differential acts would involve components that are 2i form- 
degrees apart, e.g. of the form F = Yl^=o-^k+2in- The main case considered in 
[S6] . and which corresponds to heterotic string theory, corresponds to i = 3, fc = 2, 
and m = 1. There it was observed that, at the rational level, the (abelianized) field 
equation and Bianchi identity in heterotic string theory can be combined into an 
equation given by a degree seven twisted cohomology. This is discussed further in 
section m In [S6] it was also proposed that such a differential should correspond to 
a twist of what was there called a higher String structure and later in [SSS2j was 
defined, studied in detail and given the name Fivebrane structure. 

Definition 3.3 ( [SSS3| ). A /3-twisted Fivebrane structure on a brane t : M ^ X 
with String structure classifying map f : M BO{n){8) is a cocycle (3 : X 
if(Z, 8) and a map c : BO{n){8) — > i4r(Z, 8) such that there is a homotopy rj 
between B0{n){8) and X, 

M ^-^BO{n){8) 




X ^K{Z,8) 

The fractional class j^P2 show up in physics. As an application, which was 
originally the motivation: 

Theorem 3.4 ( |SSS3] ). (1) The dual formula for the Green-Schwarz anom- 

aly cancellation condition on a String 10-manifold M is the obstruction 
to defining a twisted Fivebrane structure, with the twist given by ch^^E), 
where E is the gauge bundle with structure group Eg x Eg. 
(2) The integral class in M-theory dual to G4 defines an obstruction to twisted 
Fivebrane structure, which is the obstruction to having a well-defined par- 
tition function for the M-fivebrane. 

The precise description actually requires some refinement of the Fivebrane 
structure to account for appearance of fractional classes such as j^P2 rather than 
ip2- This is called -F^^^ -structure in |SSS3| . Also, a corresponding fioebrane Lie 
6-algebra is defined in |SSS3) , where the description of the twist in terms of Loo- 
algebras is also given. 

Higher bundles: The following applications are of interest (see |SSS1| ). 
1. Chern-Simons 3- forms arise as local connection data on 3-bundles with connec- 
tion which arise as the obstruction to lifts of ordinary bundles to the corresponding 
String 2-bundles and are shown to be governed by the String Lie 2-algebra. For q 
an ordinary semisimple Lie algebra and p, its canonical 3-cocycle, the obstruction 
to lifting a g-bundle to a String 2-bundle is a Chern-Simons 3-bundle with charac- 
teristic class the Pontrjagin class of the original bundle. 



GEOMETRIC AND TOPOLOGICAL STRUCTURES RELATED TO M-BRANES 



23 



2. The formahsm immediately allows the generalization of this situation to higher 
degrees. Indeed, certain 7-dimensional generalizations of Chern-Simons 3-bundles 
obstruct the lift of ordinary bundles to certain 6-bundles governed by the Fivebrane 
Lie 6-algebra. The latter correspond what was defined in [SSSlJ as the Fivebrane 
structure, for which the degree seven NS field Hj plays the role that the degree three 
dual NS field H3 plays for the n = 2 case. Using the 7-cocycle on so(n), lifts through 
extensions by a Lie 6-algebra, defined as the Fivebrane Lie 6-algebra, is obtained. 
Accordingly, Fivebrane structures on String structures are indeed obstructed by 
the second Pontrjagin class. 

3.3. Harmonic part of the dual of the C-field. Consider the equation of 
motion (|2.8I) . Set C7 :— *G4, so that we get 

(3.5) dCr = Je, 
where je is the electric current given in (|2.9p . Let 

(3.6) Aj:(f^^(y"),5)->(f^^(y"),.9) 

be the Hodge Laplacian on 7-forms on Y^^ with respect to the metric g. Taking d 
of both sides of equation (|3.5p we get 

Proposition 3.5. In the Lorentz gauge, d Cj = 0, we have 

(1) AgCy = *jmj where j„i is the fivebrane magnetic current, related to the 
electric current je (|2.9p by 

(3.7) jm = d{*je) ■ 

(2) C7 is harmonic if £p — > and/or there are no fivebranes. 

This is the degree seven analog of proposition 12.81 The geometry of the de Rham 
representatives of the Fivebrane class for the dual C-field is considered in |RS| . 

3.4. The integral lift. The quantization law (|l.ip on the C-field leads to an 
integral lift of the electric charge, the left hand side of the equation of motion (|2.8p . 
as mandated by Dirac quantization. The lift is |DFMj 

[Gs] ^ i(a-lA)(a-lA)+/3 

(3.8) = ia(a - X) + SOAg . 

Proposition 3.6. Properties of [Gs]. 

(1) [Gs] and [G4] obey the multiplicative structure on ifSpin. 

(2) Gg defines an obstruction to having a (twisted) Fivebrane structure. 

The first part is proved in |S7| and the second part in |SSS3j . Let us expand 
a bit on the first point. The quadratic refinement defined in |DFMJ is encoded 
in the multiplicative structure in the K-theory for Spin bundles. Starting with a 
real unoriented bundle the condition u;i(^) =0 turns ^ into an oriented bundle, 
and the condition W2{^) — further makes ^ a Spin bundle. Obviously then, a 
real 0-bundle becomes a Spin bundle when W = 0, and so the kernel of W is the 
reduced group KSpm{X). Thus W fits into the exact sequence |LDj 

(3.9) — > KSpin{X) = kciW — > Kd{X)^H\X;Z2) x H^{X;Z2). 
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Among the properties of this elass proved in |DFMj is that it is a quadratic 
refinement of the cup product of two degree four classes ai and 02 

(3.10) e(ai + 02) + 6(0) = e(ai) + 6(02) + ai U aj. 

We would like to look at this from the point of view of the structure on the product 
of the cohomology groups iJ*( • ; Z) x • ; ^)- For this we consider the two classes 
a and Q{a) as a pair (a, 6(a)) in H'^{ ■ ; Z) x ■ ; Z). Then the linearity of the 
addition of the degree four classes a and the quadratic refinement property p.lOp 
of 6(a) can both be written in one expression in the product H'^{ • ; Z) x • ; Z), 
which makes use of the ring structure, namely 

(3.11) (ai, 6(ai)) + (a2, 6(a2)) = (ai + a2, 6(ai) + 6(a2) + ai U a2) . 

The second entry on the RHS is just 6(ai + a2) — 6(0), and so it encodes the 
property p.lOp . 

We can define the shifted class 6°(a) as the difference 6(a) — 6(0), so that 
p.ll|) is replaced by 

(3.12) (ai, e°(ai)) + (02, 6°(a2)) = (ai + a2, 6"(ai + 02)) , 
corresponding to the special case 

(3.13) 6"(ai + a2) = 6°(ai) + e"(a2) + ai U aj. 

This is then just a realization of the multiplication law on i7^( • ;Z) x ■ ; Z) 
which, for (a, b) in the product group, is 

(3.14) (ai, 61) + (a2, 62) = (ai + a2, 61 + 62 + ai U a2). 

Note that in order to get this law we had to use the modified eight-class 6° (a), or 
alternatively discard 6(0) = SOAg. 

We now make the connection to Spin K-theory. Similarly to the case of other 
kinds of bundles, e.g. complex or real, one can get a Grothendieck group of iso- 
morphism classes of Spin bundles up to equivalence. The reduced iiTSpin group 
of a topological space can be defined as KSpm{X) — [X, BSpin]. For the case of 
-BSpin, we will be interested in relating Spin K-theory to cohomology of degrees 4 
and 8. Such a homomorphism of abelian groups 

(3.15) Qx : KSpin{X) -> H^{X; Z) x H^iX; Z) 

is defined by |LD| Qx (Qi(C)jQ2(0) foi" ? ^ KSpm{X), where Qi and Q2 are the 
Spin characteristic classes of |Th] . For two bundles ^ and 7 in KSY>m{X), and for 
fc < 3, 

(3.16) gfc(^©7)= ^ Q^{O^Qlh)■ 

i+j — k 

Remark 3.7. The above multiplicative structure is a Z-analog (or 4fc-analog) of 
the Z2-structure in the case of KO-iheoTj. Given a topological space X, let KO{X) 
be the reduced KO group for X and let 

(3.17) W : Kd{X) — > H^{X;Z2) X H^{X;Z2) 
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be the map W{£,) = {'Wi{£,),'W2{£,)), where Wi(^) denotes the i-th Stiefel- Whitney 
class of ^ G KO{X). There is a group structure on H^{X; Z2) x H^{X; Z2) making 
W a homomorphism, i.e. a map that preserves the group structure. 

3.5. Invariance of the dual C-field. From p.Sp we see that we can write 
the dual C-field at the level of differential forms as 

(3.18) Gs^^G4AG4,-l8 + dc7. 

3.5.1. Case I: Trivial cohomology, no one-loop term. In this case we have ^pi — 
= ip2- From ([STTS]) we have dCr = A d + dcr. When C3 = CSsiA) we get 
C7 = ^CSsiA) A G4. 

3.5.2. Case II: ^pi — 0. The invariance of Gs will include the invariance of the 
three terms in (I3.18|) . hence invariance of G4, of the Pontrjagin classes of S(Y^^), 
and of the differential form C7 € il'^{Y^^). Therefore, we have 

Proposition 3.8. The dual field Gg is invariant under the following transforma- 
tions: 

(1) The invariances of the C-field from proposition 12.71 

(2) C7 ^ G7 + A7, 

(3) GSriuj) ^ GSriuj) + X7, 

where A7 and A7 are closed differential forms in il'^{Y^^). 

As in the case for the C-field, the expressions above when recast in terms of 
differential characters will result in requiring A7 and A7 to be closed integral forms, 
i.e. to be in 

The Fivebrane class. 

Remark 3.9. The Fivebrane class can be discussed in a manner that is very similar 
to that of the String class. The change of Fivebrane structure can be seen from 
the M-theory fivebrane, similarly to the way the String structure S is seen from the 
membrane. 

Here we assume that spacetime is ten-dimensional. We relate the dual H- 
field i/7 to the degree seven Chern-Simons form CS'7 above via a class C7 that we 
introduce. Consider the principal bundle 

(3.19) String(7i) ^ STRING(M) ^ M, 

where STRING (Af) is the total space of the String(n) bundle on our ten-dimensional 
spacetime M corresponding to heterotic string theory. Recall that this is one of the 
two bundles in that theory, namely the one obtained from the lift of the tangent 
bundle (non-gauge one) . We can build a class C7 out of the Chern-Simons 7- form 
CS'7 (A) on STRING(X) for the given connection 1-form A on the gauge bundle as 

(3.20) C7 = GSriA) - tt*Hj, 

with dCSj — TT* {p2{M)) and such that J^^Cj — 1 where S7 is a fundamental 
7-cycle in the fiber. Similarly to the Spin case [ASi| . we have 

Proposition 3.10. If X is 6-connected, C7 represents a generator of i?*" (STRING (M); Z). 
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Proof. C7 is closed since 

dCr = dCS7{A)^dTT*Hr 
= n* {p2{M))~n*dHr 

= TT* {p2{M) - dHj) 

(3.21) = 0. 

Consider the homotopy exact sequence 
(3.22) 

> 7r,(String(n)) ^ 7r,(STRING(Af )) ^ 7r,(Af) ^ 7r,_i(String(n)) ^ • • • 

corresponding to the bundle p.lQp . Assuming TTi{M) = for i < 6, the sequence 
gives that 7r7(STRING(M)) = 7r7(String(n)) = Z. Therefore, C7 represents a gen- 
erator of ff^ (STRING(M), Z). □ 



Remark 3.11. If M is ten-dimensional and is 6-connected then it is topologically 
the ten-dimensional sphere. This follows from Poincare duality and the Poincare 
conjecture in ten dimensions. The first gives that the cohomology groups in degrees 
8 and 9 are the same as those in degrees 2 and 1, respectively, and hence are zero 
by 6-connectedness. M, having cohomology groups Z in degrees and 10, is a 
homology ten-sphere. However, by the Poincare conjecture, which is a theorem in 
ten dimensions, M must be the sphere S*^" itself. 

3.6. Higher differential characters. Wc consider the space Map{Z,M), 
with Z of dimension six. The space Map(Af, STRING(A/)) is a bundle over Map(Z, M) 
with structure 'group' Map(M, String(lO)). Let 

(3.23) ev: Z X Map(Z, STRING(Af)) -S- STRING(Af) 
be the evaluation map. 

Proposition 3.12. There exists a Cheeger-Simons differential 6-character Bq with 
dBg — C7 and such that ev* Bq exponentiates to a differential 0-character on 
Map(Z,STRING(Af)) with values in [/(I). 

Proof. This is analogous to |ASij where the degree two case is established. 
Our case corresponds to replacing B2 with Bq and the spin condition with the 
String condition. For a trivial map $0 : ■2' -Pq G STRING(M), let 7 be a path 
from $0 to $ e Map(Z, STRING(M)) so that 7 maps the interval [0, 1] times Z to 
STRING(A/) with 7(1) = $. This path exists since tt, (STRING (A/)) = for i < 6. 

The function ev* Bq will be given by 

(3.24) exp \ 2TTi I C7 ) = exp ( 2iTi / ai ) 

V A([0,llxZ) / V A([0,11) / 

with ai is the one- form ev* Ct. The function is independent of the path 7: if 71 
is another path then 7]" ^7 is a map of S"^ x Z — > Po and 

(3.25) / C7 = / C7 - / C7 e Z, 

•^(7rS)(SixZ) J7(SixZ) J-aiS^xZ) 

i.e. ai represents an integral 1-cocycle. Since Cr represents an element of (STRING (M); Z), 
there exists a Cheeger-Simons differential 6-character Bq with dBe = C7. Then 
ev*Be exponentiates to a differential 0-character on Map(Z, STRING(Ar)) with 
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values in S"^. □ 

Proposition 3.13. The curvature of the 0-character ev* Bq is the one-form ai, 
which can be interpreted as a flat connection on a circle bundle over Map(Z, STRING(M)). 

Remarks 3.14. 1. We consider the effect of gauge transformation on Hj. Chang- 
ing Hj to Hi + df3Q leads to a shift in Bg as Be + I3e- 

2. The topological term 

(3.26) / = / dx^ A • • • A dx^Bf,,...f,^diX^'^ ■ ■ ■ deXf"" 

Jz 

can be interpreted as log ev* B^, in analogy with the case of the string. 

3. Similar results can be extrapolated to eleven dimensions. 

3.7. Mapping Space Description. As we recalled in the introduction, String 
structures on a space M is related to Spin structure on the loop space LM . Is there 
a corresponding statement about Fivebrane structures? We do not fully answer this 
question here but we do give possible scenarios. 

In the case of String structure, the string class on the loop space LM is obtained 
by pull-back of the second Chern character, ch2{E), of a bundle on M to give a 
bundle LE on LM via the evaluation map 

(3.27) ev.S^x LM M, 

so that the String class is /^i ei;*c/i2(£'), where Jg, : H*{S^xLX]<C) ^ H*-^{LM;C) 
is the integration along S^. 

Now the idea is to generalize this to the case of the Fivebrane structure. We 
see two directions for doing so: 

(1) Replace the second Chern character c/i2 by a higher degree Chern char- 
acter c/ig, q > 2, and keeping the same evaluation map (|3.27[) . This will 
yield higher degree analogs of the String class, but still on the loop space 
LM. 

(2) In addition, replace the circle by a higher-dimensional space Y so that 
the loop space LM = [S^ , M] is replaced by a higher degree generalization 
Map[y, M], the space of maps from Y to M. 

We start with the first. Here, for a vector bundle E over M, one has the higher 
degree analogs of the String class as 

(3.28) C^iLE) = -(27ri)«+ig! / ev*chq+i{E), 

which gives a class of degree 2{q + 1) — 1 = 2(7 — 1 on LM. Such a generalization 
of the usual String structure has been defined in [As] . Kuribayashi in [Kuj finds 
fairly special conditions under which it is still true that C^^LE) = if and only if 
chpj^i{E) = 0, namely when if*(M;R) is a tensor product of truncated polynomial 
and exterior algebras. This generalizes McLaughlin's result [Mcj in the case p = 1 
for the usual String structure, where ^pi{P) = implies a String structure on a 
bundle P on M only when 7T2{M) — 0. 
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An example of the higher classes p.28p is the first term in the anomaly poly- 
nomial 



(3.29) 



dHv = 27r 



1 



1 



ch2(A) - — pi(cj)ch2(A) + —Pliuj) 
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64" 



1 
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where A and w are the connections on the gauge bundle V and the tangent bundle 
TM, respectively. Note that we can use p = 3 in p.28p to get a degree seven 
class upon integration over the circle /^i ev*chi{E), which gives j^p^ ■^C'^ {LV) + 
decomposables + non — gauge factors. 

In this case the fivebrane class can be described as follows. We have, for n > 5, 
the isomorphism 



(3.30) 



/ o ev* : (BString(n); Z) ^ H'^ (LSString( 



n);Z) , 



Since 7? ''(i3String(n); Z) — and iJ^(String(n); Z) = Z, we have that the image in 
(|3.30l) is Z. In terms of the space itself, the evaluation map and integration over 
the circle give 



(3.31) 



/ ev* : H^{M; Z) ^ H\LM; Z) 



Next we consider the second case. In addition, replace the circle by a higher- 
dimensional space Y so that the loop space LM — [S^, M] is replaced by a higher 
degree generalization Map[F, M]. Then what replaces the evaluation map p.27|) 
is ei; : y X Map[Y,M] M and ([3^ would then become Jy ev* chp+i{E) . The 
result will be a class on Map[y, M] of degree 2p — dimV. Obviously, when p = I 
and dimF = 1, we get back the String case. We will discuss further aspects of the 
general case in section 13.81 

There are two special cases of interest, the first when y is a torus and the 
second when y is a sphere. Let the dimension of F be m and that of X be n. Then 
the two cases are 

• Y ^ T": This gives Map[r™, M] = L"M, the higher iterated loop spaces 
of M, i.e. L"^M = LL ■ ■ ■ LX^ (m times). This is the iterated loop space 
of M which is obtained by looping on X m times. The bundle replacing 
the loop bundle of the String case will be a bundle with structure group 
the toroidal group Map[r'", G] = L"^G. 

• y™ — 5"" : In this case the space to consider is Map [5""; M], correspond- 
ing to the homotopy groups TTmiM) of M. Such spaces, at least for low 
m, have been studied in connection to gauge theory in physics in }Mi| . 

In the physical situation under consideration, Y can be taken to be the spa- 
tial part of the fivebrane worldvolume in spacetime of dimension ten for the 
heterotic fivebrane and dimension eleven for the M5-brane. Then, for p — 3, the 
integration over the worldvolume yields a degree three class on the fifth loop space 
Ij5j^io (likewise for eleven dimensions). The homotopy groups of the two groups, 
G and L™G are related by 7r„(L™G) — 7r„+m(G) © 7r„(G), so that, in particular, 
7r3(i^G) = 7r8(G) © 7r3(G). For example, 7-connectedness of G would be the same 
as 2-connectedness of L^G. 
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3.8. Determinantal 6-gerbes. We can look at the relation to higher gerbes 
by looking at the structure on the worldvolume itself. Consider the case when 
the worldvolume has five compact dimensions, i.e. time is considered to be R. 
The Fivebrane structure can be described in terms of a 5-gerbe in general. In the 
special case of an index 5-gerbe^ this can be interpreted as the degree five part of 
the Family's index theorem for Dirac operators |Lo| |BKTVj . 

The construction of the index 1-gerbe is given in |Lo| where also general features 
of the higher gerbes are given. The construction for those is given in [BKTVj 
which we follow below. The degree two component of the families index theorem 
is given by the first Chern class, or the curvature, of a determinant line bundle. 
There is an obstruction to realizing the component of the families index theorem of 
degree higher than two as a curvature of some geometric object. This, however, is 
automatic if we choose our spacetime X to be 5-connected. so X is homeomorphic 
to S*^*^, and the explicit construction is given in |Lo] in this case. The corresponding 
Deligne classes form a countable sets corresponding to different trivializations of 
the index bundle on the five-skeleton of the triangulation of X and are labeled by 
®]^^H''-''' {X-Z) ^ H^{X-I.) ® H^iX^Z). 

Assume 1"™ to be a compact oriented C°°-manifold of dimension m over which 
we have a smooth complex vector bundle E. Then the space of sections TE of the 
bundle is expected to give rise to a determinental 5-gerbe Detr(i?), generalizing the 
determinant line bundle [BKTVj . Thus, in the case of the fivebrane, if we take the 
spatial part then the currently perceived wisdom leads us to a determinantal 5-gerbe 
and if we take the even-dimensional spacetime then we are led to a determinantal 
6-gerbe. 

We now consider a family of fivebranes by considering the map to spacetime 
q : — >■ X^^ of relative dimension 5 and a C°° bundle E on W^. Then the 
characteristic class of the 5-gerbe would be a class in H^{X^'^, C^ia) — H'^{X^'^, Z). 
The class of the determinantal 6-gerbe in complex cohomology should be thought of 
as a 6-fold delooping of the usual first Chern (determinantal) class. Still following 
[BKTVj . the Real Riemann-Roch formula gives 

(3.32) C,iq,E) = / [chiE) A TdiTW^)] e H^X'°, C), 

where we are integrating the degree twelve part of the index formula over the 
five-dimensional spatial part of the fivebrane worldvolume to get a degree seven 
class. This involves the Dolbeault operator d over a complex envelope of W^. In 
the smooth category, we just replace the Todd class Td in (|3.32|) with the A, the 
roof-genus of TW^. 

4. The Gauge Algebra of Supergravity in 6fc — 1 Dimensions 

Five-dimensional 5*0(2) supergravity on a five-dimensional Spin manifold X is 
the theory obtained by coupling pure supergravity in five dimensions to an 5*0(2) 
vector multiplet jCNj fCj. The former is made of a metric g on X and a Rarita- 
Schwinger field ip, which is a section of the spin bundle SX coupled to the tangent 
bundle TX, -0 G T{SX^TX). The latter contains an 5*0(2)-valued, hence abelian, 
one-form d with curvature two-form G2 — dCi. The Lagrangian £(5) will have 



30 



HISHAM SATI 



• a bosonic part -C(5).bos for the bosonic fields (g, G2), 

• a fermionic part >C(5)4orm for the fermionic field '3/, 

• and an interaction part /3(5)jnt for the terms that are mixed in the bosonic 
and fermionic fields. 

In £(5) — £(5), bos + ^{5),iern\ + 'C(5)^int we wiU considcr only the bosonic part, 
given by the five-form 

(4.1) £(5),bos = i? *1 - A *G2 - ^G2 A G2 A d, 

where * is the Hodge duality operator on differential forms in five dimensions, and 
R is the scalar curvature of the metric g oi X. 

Eleven-dimensional supergravity |CJS) has some common features with five- 
dimensional supergravity [C] [CNj . described above. The bosonic field content is 
the same, except that the potential G3, replacing Gi, is now of degree three so 
that the corresponding field strength G4 is of degree four. The Hodge dual in 
eleven dimensions to G4 is G7. The bosonic part of the Lagrangian is given by the 
eleven-form 

(4.2) £(ii),bos - i? *1 - iG4 A *G4 - iG4 A G4 A G3 . 

2 D 

From here on we treat both theories at the same time. We thus take X to be a 
{6k — l)-dimensional Spin manifold on which we define a supergravity with Chern- 
Simons term built out of the potential G2fc-i, with corresponding field strength 
G2fe. The value k = 1 corresponds to the five-dimensional case and the value k = 2 
to the eleven-dimensional case. 

The equations of motion are obtained from the Lagrangian via the variational 
principle. The variation — ac2fc^'f °° ~ ^'^^ C2k-i gives the corresponding equation 
of motion 

(4.3) d*G2fc + ^G2fe AG2fe = 0. 
We also have the Bianchi identity 

(4.4) dG2k = . 

The second order equation (14. 3p can be written in a first order form, by first 
writing d {*G2k + \C2k-1 A G2fe) = so that 

(4.5) * G2fc = G4fe_i dCik-2 - -jC2k-i A G2fe , 

where C4fe-2 is the potential of G^k-i, the Hodge dual field strength to G2k in 
Qk — 1 dimensions. 

The action S'bos = c^vol(X)>Cbos, and hence the equations of motion, are 
invariant under the abelian gauge transformation i5G2fc_i = dX2k~2, where A2fe_2 is 
a (2fc— 2)-form. We can alternatively write the gauge parameter as A2fe-i = d\2k-2- 
In fact, the first order equation (j4.5p is invariant under the infinitesimal gauge 
transformations 

(4.6) 5G2k-i = Asfe-i, 5Gik-2 = ^Ak-2 - ■^A2fc_i A G2/C-1, 
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where h.ik-2 is the (4fc — 2)-form gauge parameter satisfying — 0. Applying 

two successive gauge transformations with different parameters Ai and A,^, i — 
2A; — 1,4A: — 2, for the first and second one, respectively, and forming the the 
commutators gives 





^A2k- 
















0, 


(4.7) 








0, 


with the new parameter A 


II 

4fe-2 


= A2fe_l 




-1- 



Note that the transformations 
are nonlinear, and this can be tracked back to the presence of the Chern-Simons 
form in the Lagrangian (|4.ip . 

We now introduce generators f2fe-i and foi' the A2fc_i and A4fe_2 gauge 

transformations, respectively. On the generators, from the commutation relations 
()4.7|) . we get the graded Lie algebra 

[v2k-l,V4k-2] = 0, 

(4.8) [v4k-2,V4k-2] = 0, 

Note that we can use a graded commutator, which unifies a commutator and an 
anticommutator, so that the above algebra (|4.8p becomes 

[v2k-l,V2k~l] = -VAk-2 , 
[v2k-l,V4k-2] = 0, 

(4.9) [Vik-2,V4k-2] = 0, 

where it is now understood that we are using graded commutators. The generators 
satisfy the following properties 

(1) The generators V2k-i and V4k-2 are constant: dv2k~i = = dv4k-2- 

(2) The grading on the generators ti2fc-i and V4k~2 follow that of the potentials 
yl.2fe_i and A4k-2, respectively. Hence, ti2fe-i is odd and V4k-2 is even. 
Thus, d(v2k~i'^) — —V2k~ida and d{v4k-2Ct) — V4k-2da, for any a. 

We will think of these "generators" Vi as elements of a graded Lie algebra, where we 
will write C2fc-i (i)V2k-i, etc. instead of just C2k-i for the fields (see the discussion 
around equation (|4.26|) '). 

The field strengths can be combined into a total uniform degree field strength 
Q by writing 



(4.10) 

so that 



(4.11) 



V = e 



dC2k- 

G2k € 
G2k € 



1 



1 i;2fc-i + {dC4k-2 - 2^2fc-i A dC2k-i) ® w4fc-2 

V2k-1 + Gik-1 ® V4.k-2 
V2k-1 + *G2k <^ V4k-2 ■ 



Note the analogy with usual (i.e. not higher-graded) nonabelian gauge theory. V 
is the analog of g and Q — dVV^^ is the analog of dgg~^. 
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The equation of motion for C2fe-i {— Bianchi identity for Cik-2) and the 
Bianchi identity for C2/C-1 are obtained together from 

(4.12) dg -g AG^ -dV A dV-^ - dVV"^ A dVV"^ = . 
Indeed, using the commutators (|4.9p . we have 

gAg = {G2k®V2k-l) A{G2k®V2k-l) + (,G2k®V2k-l) A{*G2k®Vik^2) 

+ (,*G2k ® Vik-2) A {G2k ® Vik-2) 

= -jl^'^k ®V2k~l,G2k ®V2k-l\ + [G2k ®V2k-l,*G2k W4fe-2] 
= 2^"^^ ^ ^2fc <S> [v2k-l,V2k~l] ~ G2k A *G2k <S> [v2k^l,V4k-2] 

(4.13) = -^G2k A G2k v4,k-2 . 

Hence, (|4.12p folfows from the equation of motion (|4.3I) and the Bianchi identity 
(|4.4p . which indeed correspond, respectively, to the coefficient of V2k-i and V4k-2 
in the expression for dg. The case fc = 2, corresponding to eleven-dimensional 
supergravity, was derived in |CJLP] . 

4.1. Models for the M-Theory Gauge Algebra. In the previous section 
we have seen that G4 and its dual can be written in terms of the total uniform 
degree field strength g, the generators in which satisfy an algebra. It is natural 
to ask about the nature of the generators and the graded structure in which they 
result. In this section we provide a description in terms of homotopy (or higher- 
categorical) Lie algebras: Loo-algebras based on the constructions in |SSS1] . and 
superalgebras corresponding to (1|1) supertranslations. 

4.2. The gauge algebra as an Loo-algebra. One connection to Loo-algebras 
is the appearance of higher form abelian Chcrn-Simons theory. Recall that for g 
any semisimple Lie algebra and fi = (•, [•, •]) the canonical 3-cocycle on it, we call 
0^ the corresponding (skeletal version of the) stringy (g) Lie 2-algebra. Similarly, 
for Q any semisimple Lie algebra and /ir the canonical 7-cocycle on it, we call 
the corresponding (skeletal version of the) Fivebrane Lie 6-algebra [SSSl] |SSS3) . 

Reminder on Loo-algebra valued diferential forms. Recall from |SSS1| that 
for any Loo-algebra with CE(0) its Chevalley-Eilenberg differential graded com- 
mutative algebra (DGCA), the space of GCA-morphisms CE(0) — > il{X) is iso- 
morphic to the degree zero elements in the graded vector space il*{X) (E) g, where 
g is in negative degree. Flat Loo-algebra valued forms can be realized as graded 
tensor products A G (Y) ig) g of forms with Loo-algebra elements with the special 
property that 

• A is of total degree , 

• A satisfies a flatness constraint of the form 

(4.14) dA+[AAA] + [AAAAA] + --- = 0, 

where d and A are the operations in the deRham complex and where 

[■,■•• , ■] are the n-ary brackets in the Loo-algebra. 
It is usually more convenient to shift g by one into non-positive degree (hence with 
the usual Lie 1-algebra part in degree 0) and accordingly take A to be of total 
degree 1. 
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Recall one of the central constructions of [SSS1| involving the Weil algebra 
W(0). For Q any Loo-algebra with degree (n + l)-cocyclc fi that is in transgression 
with an invariant polynomial P 



(4.15) 







HP 



^CB(£|) 



H CS 



CE(fl) 



■W(0) 



-^W(0)i 



we can form the String-like extension Lie n-algebra and the corresponding Chern- 
Simons Lie {n+ l)-algebra csp(0) with the property that W(0^) ~ CE(csp(0)). In 
[SS Sl^ this construction was of interest for the case that ^ was a nontrivial cocycle 
on a semisimple Lie 1-algebra. Another interesting case in which the construction 
works is when an invariant polynomial P suspends to 0, i.e. if it is in transgression 
with the 0-cocycle fi = 0. 

Notice that in particular all decomposable invariant polynomials P — Pi A 
P2, for Pi and P2 nontrivial and with transgression elements csi, dw(g)CSi — Pi , 



'W(g)<- 

suspend to 0, since for them we can choose the Chern-Simons element cs = 
which vanishes in CE(g) because P2 does, by definition: 



CSi AP2, 



(4.16) 







Pi A P2 



H Pi A P2 



H CSi A P2 



CE(g) ^ W(0) ^W(0)basic 

Higher abelian Chern-Simons forms. A very simple but useful example are 
the decomposable invariant polynomials on shifted u(l) in an even number of shifts: 
6^'°^^u(l), for k any positive integer. In this case 

(4.17) CE(62'=-Vl)) = (A(i^)'^ = 0) 

2fc-l 

and 

(4.18) Wib'^-M^)) = (A(^ ® = 9,dg^0). 

2fe-l 2k 

The invariant polynomials are all the wedge powers g, ,g/\g, g Ag Ag of the single 
indecomposable one P :— g 

(4.19) inv(62'=-2u(l)) = {/\{{P)),dP = 0) . 

2k 
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Notice that in this case the CE-algebra of the "String-hke extension" 6^*^ ^u(l)^=o 
is that of 62'=-2u(l) e 6^'=-^u(l): 

(4.20) CE(62'=-2u(l)^=o) = CE(62'=-2u(l) © b^''-\{l)) . 

Abelian Chern-Simons Loo-algebras. Let fc G N be a positive integer. Then the 
Lie {2k — 2)-algebra 6^'^~^u(l) has a decomposable degree 4A; invariant polynomial 
P4k which is the product of two copies of the standard degree 2A;-polynomial. The 
corresponding Chcrn-Simons Lie {ik - l)-algebra csp^J62(fe-i)u(i)) 

is given by the 

Chevalley-Eilenberg algebra of the form 

(4.21) CE(csp,,(62'=-2)u(l))) = (J\{{c2k-i,92k,cik-2,gik-i)),dj 
where 

dC2k-l = g2k ) 
dcik-2 = C2k-i A g2k + 9ik-i ) 
dg2k = , 

(4.22) dg4k-i = g2k A g2k • 

This has a canonical morphism onto 

(4.23) CE(62fe-2u(l) © b^>^-M^)) = (j\{{c2k-i,C4k-2)), d = 0^ 

with respect to which we can form the invariant or basic polynomials 

(4.24) CE(52'=-2u(l) © 64fc-3u(l)) CE(csp,,(62fc-2)u(l))) ^ ^ basic(i*) . 

This is the DGCA 

(4.25) basic(r) = /\{{g2k) © {gik-i}), {dg2k = , dg4k-i = g2k A g2k) ■ 

\ 2k 4fe-l / 

We consider the Loo-algebra 5a which admits the above as its Chevalley-Eilenberg 
algebra. This sa is a graded Lie algebra with generators and in degree 3 and 
6, respectively, and with the graded Lie brackets being 

N.ve] = 

(4.26) [ve,VQ] = 0. 

Flat differential form data with values in this Lo^-algebra is given by a degree 
1-element A = G^® v-^ + ® Vq € ^*{X) ® q, where 

• G2k a closed 2fc-form; 

• Gik-i is a 4A; — 1-form satisfying ddk-i = G2k A G2k- 
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In total we have that a Cartan-Ehresmann connection with respect to i* is given 

by differential form data as follows: 

(4.27) 

ni^^{Y) ^^*CE(62fe-2u(l) © b'"'-^u{l)) 



n-(y). 



CE(csp,,(62^-2)u(l))) 



G2k = dC2k-i 

G4k-1 = dC4k-2 + C2k-1 A G2k 



This can be regarded as a certain Cartan-Ehresmann connection for the product of 
a line (2k — l)-bundle and a line A{k — 2)-bundle 

The situation for 11-dimensional supergravity. The local gauge connection 
data of 11-dimensional supergravity is given by a 3-form C3 with curvature 4- form 
G4 = dCs which can be captured in a duality-symmetric manner by regarding 
C3 as the data giving a flat connection with values in the abclian Chern-Simons 
Lie 6-algebra obtained by setting fc = 2, subject to a self-duality constraint: A = 
G4 (S) V3 + (*G4) (8) ve- The flatness condition satisfled by this is then equivalent to 
the equations of motion for G4 

(4.28) ('^^+[^AA]=0)^{:|%:!_iG.AG, } 

Therefore, 

Theorem 4.1. The C -field and its dual in M-theory define an Lo^-algebra as their 
gauge algebra. 

4.3. The gauge algebra as a Superalgebra. We next interpret the M- 
theory gauge algebra in another novel way. The commutator of with vq and 
that of ^3 and vq are zero. Furthermore, the commutator of two fs's gives ve, it 
is natural to suspect that each one of the two generators belongs to a different 
subspace in some grading. Indeed, these are the even and odd gradings, and we 
have 

Proposition 4.2. The generators V3 and vq form a Lie superalgebra of translations 
in (1|1) dimensions. 

Remark 4.3. This is analogous to the generator -§0+0-^, where x is an even 
coordinate and 9 is an odd coordinate. Thus we see an analog of the supersymmetric 
quantum mechanical relation {Q, Q} = 'H, where Q is the supercharge and V. is 
the Hamiltonian of the system. 
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5. Duality-Symmetric Twists 

In the twisted cohomology setting one can form uniform degree expressions for 
both the fields, e.g. the cohomology classes, and the twisted differential. In this 
section we consider twists of degrees higher than the familiar three. Also, given the 
discussion of uniform degree fields in the previous section, it is natural to use these 
for more exotic twists. 

5.1. Degree seven twists. The NS i/- field in type II string theory serves as 
the twist in the K-theoretic classification of the RR fields. This involves unifying 
the fields of all degrees into one total RR field. We investigate, based on [S6J . the 
case of heterotic string theory where there are Es x Eg or Spin(32)/Z2 gauge fields 
in addition to the ff-field. 

a. Rationally: Considering the gauge field and its dual as a unified field, the 
equations of motion at the rational level contain a twisted differential with a novel 
degree seven twist. Consider the case where the Yang-Mills group G, is broken 
down to an abelian subgroup, thus making the curvature F2 be simply dA. The 
manifolds M^^ are chosen such that this breaking via Wilson lines {— line holonomy) 
is possible. The result of the variation of the action S ^ J H3A*H3+ J F2A*F2 with 
respect to A gives {d — HjA)J^ ~ 0, where J- = F2 + *F2 is defined as the combined 
curvature, and i/y is equal to *_ff3 at the rational level, in analogy with the RR 
fields. In this analysis, following |S6j . we used the "Chapline-Manton coupling" 
H3 = CS3{A), where CS3{A) is the Chern-Simons three- form for the connection 
A, whose curvature is F2. This gives a twisted differential dn, = d — HjA which in 
nilpotent, i.e. squares to zero, c?|^„ — 0, since iJy is closed. 

(i) Let Vn denote the nth generator of the complex oriented cobordism ring. Con- 
sider the case n — 2 and let R — W[[v2,V2^]] be a graded ring. The generator 
Vn has dimension 2p" — 2, so that at the prime p — 2, V2 has dimension 6. Let 
dny ~ d — V2^H7 be the twisted de Rham differential of uniform degree one. De- 
note by ^djj^ (M^°; R) the space of d/z^-closed differential forms of total degree i on 
M^^. The total curvature is an element of degree two, i = 2, in the above space 
of forms. The equation dnrJ' = defining the complex is just the Bianchi identity 
and the equation of motion of the separate fields. Another possibility is to use the 
combination = u^^F2 -I- w^^_Fg, where ui has degree two and U2 has degree eight. 

(ii) The second step is to ask whether the argument at the level of rational co- 
homology generalizes to some rational generalized cohomology theory. A twisting 
of complex K-theory over M is a principal BU^-hundie over M. From BU(g = 
K{Z,2) X BSU^, the twisting is a pair r = {S,x) consisting of a determinantal 
twisting (5, which is a KiZ, 2)-bundle over M and a higher twisting x> which is 
a BSU(g,-toTSOT. Twistings are classified, up to isomorphism, by a pair of classes 
[6] G H^{M,'L) and [x] in the generalized cohomology group H^{X,BSU,^). The 
former is twisted K-theory, where the twist is given by the Dixmier-Douady (DD) 
class. The twistings of the rational K-theory of X are classified, up to isomorphism, 
by [E! the group n„>i This shows that, in addition to the usual 
i?^Q-twisting, one can in principle have twistings from i/'^Q and iJ^Q etc. It is 
thus possible that a degree seven twist comes from complex K-theory. However, it 
is not obvious how to isolate just the degree seven part from the tower of all n > 3 
odd-dimensional twists. 
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b. Integrally: The above generalizes the usual degree three twist that lifts to 
twisted K-theory and raises the natural question of whether at the integral level 
the abelianized gauge fields belong to a generalized cohoniology theory. 

(i) The appearance of the higher degree generator connects nicely with the dis- 
cussion in [KSlJ [KS2| [KS3| on generalized cohoniology in type II (and to some 
extent type I) string theories. Further the appearance of the = condition 
in [KSl] , interpreted in in the context of F-theory, which is a condition in 
heterotic string theory, is another hint for the relevance of generalized cohoniol- 
ogy in the heterotic theory. Given the appearance of elliptic cohomology through 
14^7 = and the iJy-twist, then the condition Wj + [H^] = is expected to make an 
appearance, which would give rise to some notion of twisted structure in a similar 
way that the analogous condition VF3 -I- [Hs] = of [FWj amounts to a twisted 
Spin'^ structure. This structure that we seek would be related to a twisted String 
structure, but is not quite the same but is implied by it, since the String orientation 
condition implies Wr = via the action of the operation Sq'^. Further, we expect 
the modified condition to correspond to a differential dj in the AHSS of twisted 
generalized theories, possibly Morava K-theory and elliptic cohomology, since the 
'untwisted' differential is the first nontrivial differential there, in analogy to the 
'twist' for c?3 generated by [H^] in the K-theory AHSS. 

Conjecture 5.1. The cohomology class Wr + [Hj] corresponds to a differential 
in twisted Morava K-theory and twisted Morava i?-theory, where [Ht] acts as the 
twist. 

This is a generalization of the statement that 14^3 + [H3] corresponds to the 
differential d = Sq'^ + [H^]U in twisted K-theory. Of course the construction of 
such twisted generalized theories is not yet established. Nevertheless we note the 
following. 

(ii) In general, twists of a cohomology theory E are classified by BGLi{E), i.e. the 
twisted forms of E*{X) correspond to honiotopy classes of maps [X, BGLi{E)]. An 
equivalent way of saying this, which the more familiar one in the context of K-theory, 
is that the twists are classified by BAut{E), where Aut{E) is the automorphism 
group of E. The homotopy groups of BGLi{E) are given as units of the ring 
i?°(pt) in degree 1, and as i?'^"^(pt) in degree fc > 1. For K-theory, iir"(pt) = Z 
gives TToBGLi{K) = Z/2, K'^ipt) = Z gives ttzBGLi{K) ^ Z, which is detected by 
a map K^E, 3) — > BGLi{K) giving the standard degree twist. In addition, there is 
tttBGLi{K) = Z. 

(iii) Another possibility is the following. Twists oiTMF are classified by BGLi{TMF). 
This may have nontrivial homotopy in degree 7 coming from the honiotopy in degree 

6 of the connective theory tmf. □ 

5.2. Duality-symmetric twists in ten-dimensional string theory. In 

type II string theory one encounters the Raniond-Ramond (RR) fields F = J^i FiU^"^ , 
where u is the Bott generator and i is the degree of the RR field, which is even for 
type IIA and odd for type IIB. This satisfies the equation du^F ~ 0, where du^ 



The homotopy groups of the spectrum tmf and those of its periodic version TMF are 
related as ^^{TMF) = 7r«(tm/) [(A^'*)~^] , where A is the discriminant of eUiptic curves. 
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is the twisted differential, wliose uniform degree expression is dn^ = d + u ^H^A. 
Here H3 is the Neveu-Schwarz (NS) 3-form. This is explained very well in |Fr2j . 

As we saw in section [5TT| in |S6] a degree seven twist was uncovered in heterotic 
and type I string theory, where the twist is given by the dual of the usual NS 
if-field in ten dimensions. The differential is of the form dHj = d + v~^HjA. 
In this theory, for instance for v — u'^, one can form the uniform total degree one 
field strength |Fr2) 

(5.1) H = u-'^H3 + u-^Hr , 

with corresponding potentials, or S-fields, of total degree zero B = u~^B2+u~^Bg. 

Given that the total field strengths are built of more than one component, we 
can ask whether the corresponding differential of uniform degree might be built out 
of a twist that has more than one component. Consider a candidate twisted de 
Rham differential with an expression of the form 

(5.2) dH = d + u-^ H-i A +u-'^ Ht A . 

The square is d'^jj contains the terms that are zero because du^ and djj-, are differ- 
entials. In addition, there is the cross-term u~^{H^ A + Hj A H3), which is zero 
by antisymmetry of the wedge product. Of course, another way to immediately see 
this is to write dn as dj/g -I- u~^H-jA or as dn-j + u^^H^A. Thus one can build a 
twisted graded de Rham complex out of such a differential. 

Remarks. 1. In fact, one can build a differential by adding to dn all expressions 
of the form u^^ H^i+iA, i.e. 

00 

(5.3) d^ = rf + ^u-*i/2,+i A . 

1=0 

2. As differential forms, the u are constant, i.e. du = 0. We can conceive of two 
modifications of this: First consider the generators appearing in front of the H2i+± 
to be independent. For example, in |S6l , instead of (|5.1|) . we used the expression □ 

(5.4) H = v-^]H3 + v^^]Hj , 

where V(^i-^ is still the Bott generator and W(2) is the generalization of that generator, 
i.e. identified as coming from a complex-oriented generalized cohomology theory 
at the prime p = 2. In this case it still holds that and U(2) are constants as 
differential forms. 

From the above discussion the following immediately follows. 

Proposition 5.2. There is a twisted graded de Rham complex with differential d-l- 
12iLi '^(i)H2i+i'^ , provided the differential forms H2i+i are closed. The coefficients 
are constant as differential forms and can be taken to be either dependent or 
independent. 



In section |4] we used Vi to indicate a generator of degree i, so to make a distinction we 
are using the notation t^^j) to indicate a generator of level i in complex-oriented generalized 
cohomology. We understand that the first notation is more standard for the second notion, but 
since this is the only occurrence of the higher Bott generators, then we hope it will not cause a 
confusion. 
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One can associate analytic torsion [MWuj to this type of twisted de Rham complex 
and a spectral sequence for the corresponding twisted cohomology |LLW| . 

5.3. Duality-symmetric twists in eleven-dimensional M-theory. In M- 

theory the situation is much more interesting. In this case we will see that we can 
have twists of even degree and the generators are not independent in the sense that 
they satisfy relations. Some aspects of this discussion have been observed in |S1| 
[82] [S3]. 

In the low energy limit of M-theory, in addition to the metric and the gravitino, 
there is the C-field C3 with field strength G4. We can build a differential with G4 
a twist as follows. The square of the expression da 4, = d + v^G^A isQ 

(5.5) = + d{v3G4A) + V3G4 Ad + V3G4 A V3G4 A . 

On the right hand-side of (|5.5p . the first term is always zero since the bare d is the 
de Rham differential. For the second term we need to decide whether is even or 
odd as a differential form. Since G4 is even we see that we have to choose to be 
odd in order to cancel the third term. In addition, for the left-over from the second 
term to be zero, G4 has to be closed. The last term has no other term against 
which to cancel, so it has to be zero by itself. We need ^3 to be idempotent. This 
can be achieved either by the fact that the form degree is odd or by the stronger 
condition that it squares to zero, i.e. that it is a Grassmann variable. The above 
discussion generalizes in an obvious way to the case when the coefficient has degree 
2i — 1 and the field has degree 2i. Therefore we have 

Proposition 5.3. The de Rham complex can be twisted by a differential of the 
form d + V2i-iG2iA provided that G2i is closed and V2i-i is Grassmann algebra- 
valued. 

In M-theory one can consider the field dual to the C-field. This is a field 
strength Gy, which at the rational level is Hodge dual to G4. We can use Gj 
to twist the de Rham differential in the same way that H-^ did. Furthermore, in 
the same way as in (|5.4p one could form a duality-symmetric uniform degree field 
strength G — v^^G4 + Vq^G^. This expression can now be used to twist the de 
Rham differential, leading to 

(5.6) da = d + GA = d + v^^G4 A +Vq^G7 A . 

The conditions for ()5.6|) to be a differential are given in the following. 

Proposition 5.4. The de Rham complex can be twisted by the differential do 
provided that either 

(1) dGr = and = 0, or 

(2) {v3,V3} = vq and dGr = AG4. 

Furthermore, this differential on Q is equivalent to the equations of motion and the 
Bianchi identity of the C-field. 



In this section we have suppressed the tensor product between generators and fields for ease 
of notation. 
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Remarks 5.5. 1. The first case would hold when there is no Chern-Simons term 
in the M-theory action. 

2. The second case arises in M-theory and realizes the equation of motion for 
the C-field. While this is what appears in M-theory, mathematically we can have 
combination of even and odd fields of any degrees 

(5.7) d + V2^_^G2n + V2,lG2m+l ■ 

3. The generators in proposition 15.41 have appeared in jCJLPI in the context of 
the M-theory gauge algebra (which is generalized in section |4]). What we have done 
above is relate them to twisted cohomology. 

6. M-brane Charges and Twisted Topological Modular Forms 
6.1. Evidence for TMF. 

6.1.1. Construction of anomaly- free partition functions. The .©-theoretic par- 
tition function in type IIA. 

The K-theoretic partition function encounters an anomaly [DMWj . given by 
the seventh integral Stiefel- Whitney class W7, whose cancellation f KSl] is the ori- 
entation condition in elliptic cohomology for Spin manifolds, and in second integral 
Morava K-theory at p = 2 K{2) (cf. [Mori ) for oriented manifolds. The above 
class W-; is the result of applying the Steenrod square operation Sq^ on W4, the 
fourth Z/2 Stiefel- Whitney class or, equivalently, the result of applying the Bock- 
stein operation (3 — Sq^ on the degree six class Sq^w^, Wi = Sq^{w4) = l3Sq'^{w4), 
by the Adem relation Sq^ = Sq^Sq^. 

Theorem 6.1 ( [KSlj ). (1) A 10-manifold X is orientable with respect to 

Ki2) iffWriX) = 0. 

(2) The M-theory partition function is anomaly-free when constructed on K(2)- 
orientable spaces. 

Similar results hold also for Morava i?(2)-theory. In [KS l' an elliptic refinement 
of the mod 2 index j is obtained. Assuming that X is orientable with respect to a 
real version E0{2) of i?(2)-theory, there is an i?0(2)-orientation class [X]eo(2) S 
EO{2)io{X). Now for x G E°{X), the class xx lifts canonically to EO{2)°{X), so 
j{x) = {xx, [X]eo{2)) G EO{2)io, the right hand side being £;0(2)io = Z/2[vf^^v^^^] 
by |HK1| . The assumption on £^0(2)-orientation is made precise: 

Theorem 6.2 ( |KS1| ). (1) A spin manifold X is orientable with respect to 

EO{2) if and only if it satisfies W4{X) = 0, where is the fourth Stiefel- 
Whitney class. 

(2) When Wi ^ 0, this uncovers another anomaly to the existence of an elliptic 
cohomology partition function. 

Remark 6.3. The class is the mod 2 reduction of the integral class A = \pi, 
so that the vanishing of A implies the vanishing of W4, which in turn implies the 
vanishing of W7. Therefore, the String orientation condition A = is a necessary 
condition for the cancellation of the DMW anomaly. 

There is a "character map" E — >■ /'ir[[g]][q~^] where q is a parameter of dimension 0, 
with if [[q]] a product of infinitely many copies of K, and the notation [q~^] signifies 
that q is inverted. The map is determined by what happens on coefficients [AHSj . 
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Theorem 6.4 ( [KS1| ). The refined partition function is a one-parameter family 
of theta functions. At the prime p = 2, v^i^v^2] "-^ dimension zero and serves as 
the expansion parameter q. 

The i?-theoretic partition function in type IIB. The construction of the 
partition function in the IIB case is analogous to that of type IIA. Instead of 
K^{X), one starts with E^{X) where i? is a complex-oriented elliptic cohomol- 
ogy. The construction proceeds precisely analogously as in the K^{X) case. How- 
ever, the discussion of the phase is delicate. First there is the pairing in E^{X): 
E^{X) (g) E^{X) -> E'^{X) -> E^^ = E'^ where the second map is capping with 
the fundamental orientation class in Eio[X). To construct a 0-function, a qua- 
dratic structure is needed, which amounts to considering real elliptic cohomology: 
A product of an a; €E E^{X) with itself can be given a real structure, which gives 
rise to an element of uj{x) £ ER^"'""X, which when capped with the fundamental 
orientation class in EIRio(X) gives an element in E"~^. This is a Z/2-vector space 
generated by the classes w^"^~^w^2)"'^~^^^i ^ l |HKlj . Therefore, 

Theorem 6.5 f [KS2p . There is a quadratic structure depending on one free pa- 
rameter, which leads to a precise IIB analog of the 9 -function constructed for IIA 
using real elliptic cohomology in |KS1| . 

TMF and the type IIB fields. A particularly convenient combination of the 
two degree-three fields in type IIB string theory is G3 = F3 — tH^, where r is the 
parameter on the upper half plane. This is a field with modular weight —1 since it 
transforms as G3 = G3 ■ (ct -\- d)^^ under r' = (ar -|- b)/{cT + d). In tmf, a class 
of modular weight k appears in tmf'^'^{X^'^). Therefore, 

Proposition 6.6 ([ KS3] ). The fields of type IIB string theory as elements in tmf, 
satisfy G3 G tmf-^X^°. 

This points to the 12-dimensional picture: suppose, in the simplest possible 
physical scenario [V] that V^'^ = X^'^ x E where E is an elliptic curve, then 
G3 X fi € tmf'^{V^^) where fi € tmf'^{E) is the generator given by orienta- 
tion. It is consistent that the class ends up in dimension and no odd number 
shows up. Modular classes of weight 0, however, must be in dimension 0. The 
mathematical interpretation of t appears only when we apply the forgetful map 
E'^iX) X'=(A:)[[gi/24]][g-i/24] ^ith q = exp(27riT). In fact, it is necessary to 
generalize to an elliptic cohomology theory E which is in general modular only 
with respect to some subgroup F C SL{2,Z). For forms with such modularity, 
fractional powers of q are needed: in the case of complex-oriented cohomology, one 
encounters q^^'^^. The map E — /^[[q-'^/^*]] [q"^/^*] whose induced map on coeffi- 
cients (homotopy groups) makes the fc-th homotopy group modular of weight k/2 
is not the correct normalization to use because then E'^{S'') — i?^*''(pt) would 
have modular weight —k/2 and not 0. The correct normalization is given by 
composition with Adams operations (or alternatively with Ando operations [A] ) 
1/''' : i^[[gi/24]][g-i/24] ^ ^[[^1/24]] [^-1/24]^ ^^^^.^ ^ -g ^-^^ Dedckind function 

^^1/24 -^i^gj-g /\ jg iijQ discriminant form), which is a unit in i4r[[<7^/^'']] [q"^/^^]. 
For general fc, multiplication by 77*"' is needed. 

More on elliptic curves and F-theory. Roughly speaking, there is an elliptic 
cohomology theory for every elliptic curve. There is no universal elliptic curve over 
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a commutative ring, so on what basis should one 'favor' one elhptic curve over the 
other, and hence one elhptic cohomology over the other? If one considers all elliptic 
curves at once then the corresponding generalized cohomology theory is tmf, which 
is then, in a sense, the universal 'elliptic' cohomology theory. However, the price to 
pay is that tmf is not an elliptic cohomology theory and also not even-periodic. For 
more on this see e.g. pLu\ In our identification of the F-theory elliptic curve with 
the elliptic curve in elliptic cohomology (after suitable reduction of coefficients), 
we hence, along the lines of [S4j . expect elliptic curves with a fixed modulus in F- 
theory to correspond to elliptic cohomology while ones with a modulus parameter 
varying in the base of the elliptic fibration, i.e. families, to correspond to tmf. It is 
then tempting to propose that tmf sees all possible compactifications of F-theory 
on an elliptic curve, i.e. all admissible elliptic fibrations. 

S-duality and twisted K-theory are not compatible. Type TIB string theory 
has a duality symmetry, S-duality, which is analogous to electric/magnetic duality 
in gauge theory. In the presence of H3, the description of the RR fields of type IIB 
using twisted K-theory is not immediately compatible with S-duality. The origin of 
this is that the RR fields are considered as elements of K-theory while the S-dual 
field H3 is taken to be a cohomology class, leading to the breaking of the symmetry. 
Furthermore, type IIB string theory has a five-form in place of the four-form in type 
IIA and in M-theory. In [DMW] the apparent puzzle about the incompatibility 
of twisted i^T-theory and S-duality is raised. A definite statement is proved in 
|KS2) . The condition for anomaly cancellation for is {Sq"^ + H3) L) F3 = 0, 
which is not invariant under the full SL{2, Z) group. The direct SL{2, Z)-invariant 
extension of the above equation is |DMW) F3 U H3 + (3Sq^{F'i + H3) ^ 0. One 
immediate question is that of justification (and interpretation) of the nonlinear term 
fiSq^Hs — H3 U H3. The point is to exhibit this as a differential, or obstruction for 
the cohomological pair (H^jF^) to lift to the theory. 

The usual requirement that twisted X-theory be a module over ii'-theory, which 
forces the 'structure group' of the bundle of X-theories in question to be the mul- 
tiplicative infinite loop space GLi{K) of X-theory, violates the condition. One can 
then ask for some further generalized twisting, where, for a particular H3, the choice 
of allowable i^a's would not form a vector space, i.e. whether one could consider a 
form of twisted X-theory which is not a module cohomology theory over ordinary 
K-theory. In KS2 this is shown not to exist if the twisting space is K{Z, 3). The 
classifying space, i.e. a topological space B such that the affine-twisted i^^-group 
would be classified by homotopy classes of maps X ^ B, cannot exist because the 
'group cohomology' H^{CP°° , BU) vanishes. The above equation cannot occur as 
first Postnikov invariant, so 

Theorem 6.7 ( |KS2j ). K{Z,, 3) -twisted K-theory is not compatible with S-duality 
in type IIB string theory. 

4-. Re-interpreting the twist: Due to the above, one has to seek a solution in 
the realm of higher generalized cohomology theories. However, a question arises 
whether or not to leave the twist. The twist introduces an intrinsic non-commutativity 
which seems to prevent further delooping of the theory into a modular second co- 
homology group, giving an indication for a an untwisted generalized cohomology 
theory. 
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There is a map KCZ, 3) TMF coming from the String orientation. A twist 
of K-theory of the form X — ^ K{'L, 3) then gives rise to an element of TMF{X) 
by composition X — !• K{'L,'i) TMF, in fact defining "elHptic hne bundles" (cf. 
[D]). Let us explain this. The classifying space BGLiK for elementary twistings 
of complex iC-theory splits, as an infinite loop space, as a product of two factors 
A X B. The first factor is a K{'L, 3) bundle over K{'L/2, 1) which splits as a space 
but has nontrivial infinite loop structure classified by Sq^ G H^{H{'L/2); Z). There 
is a natural infinite loop map B — > TM F from B to the representing space for 
topological modular forms, and so by projecting through B a map BGI^iK 
TMF. In particular an elementary twisting of if-theory for X determines a TMF- 
class on X ; Dj . The geometric interpretation of these TMF classes is simplified if 
restricted to those classes coming from twistings involving only the K{'L, 3) factor 
of B. Such a twisting is determined by a map X — >■ K['L, 3) or equivalently by a 
BS^ bundle on X. This bundle can be thought of as a stack|j locally isomorphic to 
the sheaf of line bundles on X and hence as a 1-dimensional 2-vector bundle on X . 
In this sense the TMF classes coming from A'-theory twistings can be viewed as 
1-dimensional elliptic elements and twisted X-theory as X-theory with coefficients 
in this "elliptic line bundle" [P] . 

Therefore, what looks like twisting to the eyes of if -theory, untwists and be- 
comes merely a multiplication by a suitable element in TMF or any suitable form 
of elliptic cohomology. Thus, 

Observation 6.8 ( |KS2| ). // both F3, and are viewed as elements of elliptic 
cohomology, i.e. symmetrically, and the twisting is replaced by multiplication then 
the S-duality puzzle is solved. 

6.2. Review of D-brane charges and twisted K-theory. The analogy 
with the more familiar case of the NS field H3 is as follows. The cohomology class 
[H3] appears in the definition of a twisted Spin'^-structure 

(6.1) W3 + [H3] = 0, 

a condition for consistent wrapping of D-branes around cycles in ten-dimensional 
spacetime |FW| , where W3 is the third integral Stiefel- Whitney class of the normal 
bundle, the vanishing of which allows a Spin'^-structure. In the presence of the NS 
B-field, or its field strength H3, the relevant K-theory is twisted K-theory, as was 
shown in [W6| [FW| [Ka| by analysis of worldsheet anomalies for the case the 
NS field [H3] £ H^{X,Z) is a torsion class, and in |BM] for the nontorsion case. 
Twisted K-theory has been studied for some time [DK| [Ro| . More geometric fla- 
vors were given in [BCMMSJ. Recently, the theory was fully developed by Atiyah 
and Segal |AS1| [AS2]. It is a further result that [H3] acts as a determinantal 
if (Z, 2)-twist for complex K-theory. The left hand side of the expression (|6.ip is in 
fact the first differential in the Atiyah-Hirzebruch spectral sequence for twisted 
K-theory - see [BCMMSj [ASl] \XS2\ . Then, a twisted D-brane in a B-field 
(AT, iia) is a triple {W,E,l), where l : W ^ X is a. closed, embedded oriented 
submanifold with l*H = WaiW), and E £ K°(W) (see |BMRSj ). 



^These arc yet another incarnation of the hne bundle gerbes mentioned earher, for instance 
in the paragraphs just before proposition 12 . 2 II This stack incarnation is precisely the "gerbe" in 
the original sense of the word (a locally non-empty and transitive stack). 
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A D-brane wrapping a homology cycle is inconsistent if it suffers from an anom- 
aly, and is sometimes inconsistent if the homology cycle cannot be represented by 
any nonsingular submanifold. This is detected by the first Milnor primitive coho- 
mology operation Qi — /3P^ where (3 is the Bockstein and is the Steenrod power 
operation, both at the prime p = 3. In contrast, the twisted Spin'' condition is at 
p = 2. In fact, we have 

Observation 6.9 f |ES2j ). The twisted Spirf condition is not sufficient. 

D-brane charges are classified by the twisted K-group K'^{X). A rigorous 
formulation of such £)-brane charges requires a Thom isomorphism and a push- 
forward map. Indeed the Thom isomorphism and push-forward in twisted K-theory 
are established in CW : Corresponding to the map l -.W ^ X there is 

(1) Push-forward map: u : K^.^^^^^^^iW) ^ K'^iX). 

(2) Thom isomorphism: K'iW) = K'^,,+w-A.)^^)- 

With the use of the Riemann-Roch formula and index theorem in twisted K-theory 
it is now established that the RR charges in the presence of an /f-field are indeed 
classified by twisted K-theory |CW2) . 

Now applying the push-forward map for t in twisted K-theory, one can associate 
a canonical element in Kh{X), the desired Z?-brane charge of the underlying D- 
brane [CW] 



Definition 6.10. For any Z?-brane wrapping W determined by an element E £ 
KiyV), the charge is 



6.3. The M-brane charges and twisted TMF. In the case of M-theory, 
the object carrying charges with respect to G4 is the M5-brane and we will study 
conditions for consistent wrapping of such branes on cycles in eleven-dimensional 
spacetime. Hence, the candidate object to carry charges with respect to TMF is 
the M-theory fivebrane. In this section we will provide a point of view on the 
interpretation of Witten's quantization condition (|l.ip for G'4, which will give the 
context within which we describe M-brane charges in the following section. 

In the case of the string, the target spacetime is assumed to be Spin, i.e. 
W2{X^^) ~ 0. Then this also implies that X^^ is certainly Spin''. Then the re- 
quirement that the branc's worldvolume be Spin'' is equivalent to requiring the 
normal bundle to the D-brane to be Spin". On the other hand, for the M-theory 
case, Witten's flux quantization is obtained from the embedding of the membrane 
in spacetime Y^^^ . Taking Y^^ be Spin" will not be enough this time. We will see 
below how the twisted String condition [Wa^ SSS3] in the three bundles: tangent 
bundle to the worldvolume, the normal bundle, and the tangent bundle of the target 
will be related. 

Remarks 6.11. The Interpretation of Witten's quantization. 





(6.3) 



i,{E)^K*H{X). 
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1. The equation (jl.ip makes sense only if A is divisible by two. It means that it 
is not [G4/27r] but [6*4/77] that is well defined as an integral cohomology class and 
that this class is congruent to A modulo two |W7j . 

2. A weaker condition than (jl.ip can be obtained by multiplying by two, provided 
there is no 2-torsion, 

(6.4) 2[G4] + A = 2a. 

Condition (|6.4p gives condition (|l.ip if there is no 2-torsion and once A is divisible 
by two. 

3. We rewrite condition (|6.4p in turn in a suggestive way as A — 2 ([G4] — a) = 0, so 
that we identify a := 2 ([6*4] — a) as the twist of the String structure [Waj [SSS3j . 

4. Alternatively, we can work not with twisted String structure but rather with 
what was called twisted J^^''^^ -structure in |SSS3j to account for the factor of 2 
dividing A. There is no canonical description of J^^^^ yet except through BO{8). 

We can consider 3 different cases: 

• the case when a = so that the Eg bundle is trivial and the twist is 
provided by [G4] , 

• the case [G4] = so that the flux is G4 = dC^ and the twist is provided 
by the Eg class a, 

• the general case, where the twist is provided by a. 

To make a comparison, let us briefly recall the model of |DFM| . The field 
strength in M-theory is geometrically described as a shifted differential character 
[DFMj in the sense of |HS| . A shifted differential character is the equivalence 
class of a differential cocycle which trivializes a specific differential 5-cocycle related 
to the integral Stiefel- Whitney class W5(Y). The Stiefel- Whitney class WiiY) G 
H'^{Y; Z2) defines a differential cohomology class W4 via the inclusion H^{Y; Z2) ^ 
H\Y-M./'L) ^ H^{Y;Z). On a Spin manifold, ^"5(1") = is satisfied since A 
is an integral lift of WiiY). In this case, the differential cohomology class ■W4 
can be lifted to a differential cocycle by defining W5{Y) = (O, ^A, O) £ Z^{Y) C 
C^{Y;Z) X C^{Y;Z) x n^{Y), and the G-field can be defined as the differential 
cochain G = {a,h, uj) g C *(Y;I.) x C^{Y:Z) x n^{Y) trivializing W5, SC = W5, 
i.e. in components |DF]V[| 

(6.5) 6a — 0, Sh = bj — aTSi + -X, duj — . 
It was proposed in in [DFMj that G4 lives m 

(6.6) ^|a(^")> 

the space of shifted characters onY^^ with shift ^A, and similarly on the fivebrane 
world volume. 

Remark 6.12. In defining G4 to live in (|6.6I) . the authors of [DFM] are taking 
the point of view that the class ^A acts as a twist for the differential character. The 
point of view we would like to take here is that |A is what is being twisted, and 
hence plays a more central role. After all, natural structures, i.e. ones related to the 
tangent bundle, should be in a sense more fundamental for describing structures on 
a manifold that are extra or auxiliary structures such as bundles not related to the 



46 



HISHAM SATI 



tangent bundle. The Eg gauge theory can then be seen as responsible for the twist 
of ^A. This is the point of view also adopted in |SSS3| . building on the definition 
in |Wa] . Therefore 

(6.7) I 2'^ ^ shifted Es structure j- => {£"8 — twisted String structure} . 

6.4. The M5-brane charge. There are two definitions for the the M5-brane 
partition function W8 [W9 [HS,. and hence for the M5-brane charge [DFM]. 
One is intrinsic and uses the theory on the world volume. The other is extrinsic 
and uses anomaly infiow and hence the embedding in eleven dimensions. We will 
use the extrinsic definition for the M5-brane charge as this is the one that uses 
the Thom isomorphism and the push- forward (in the appropriate theory). Some 
aspects of the intrinsic approach were used in [SSS3' to relate twisted Fivebrane 
structures to the worldvolume theory of the fivebrane. 

Consider the embedding l : W ^ Y oi the fivebrane with six-dimensional 
worldvolume W into eleven-dimensional spacetime Y. Consider the ten-dimensional 
unit sphere bundle tt : — W of W with fiber S"* associated to the normal 
bundle — W of the embedding t. There is a corresponding 11-manifold Yj. with 
boundary V obtained by removing the disk bundle of radius r, Yr ^ Y — Dr{N) 
[DFM]. Corresponding to the sphere bundle V there is the Gysin sequence. Using 
that the normal bundle has vanishing Euler class e{N) = 0, one can deduce that 
[DFMj 

(6.8) H'^iV;Z) i7''(W; Z) ©Z (noncanonically). 

so that H^{V, U{1)) = H^(W, U{1)). This relates G4 on the worldvolume to that 
on the normal bundle, i.e. the tangential components to the transverse components. 

The M5-brane is magnetically charged under the C-field, i.e. the former acts 
as a source for the latter. The charge is then measured by the value of the integral 
of G4 over the linking sphere 5^ of W in F 

(6.9) Qm5= / Gi = keZ. 

Since the total Pontrjagin class of is 1, then Qm^ is equal to the instanton 
number of an Eg, instanton of the E% gauge theory with four-class a: J^^ a = k E Z. 
The description in terms of instantons is further given in }ES1| . Note that the 
charge defined this way highlights the role of Es- If the Eg bundle is trivial then 
the charge is zero. 

The anomaly infiow cancellation allows for a partition function of the M5-brane 

to be well-defined. In order for this to be made precise, the C-fields on W must 

be related to the C-field on V. The gauge equivalence classes of C-fields on W is 

the shifted differential character [C] S Hi.{W), and similarly for W. This then 

2 ^ 

requires the existence of the map 



(6.10) 
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In [DFM| ■ a C-field Co on X was chosen such that via the map i the C-fields are 
related as 

(6.11) t[C]^[Co]+7T*[C]. 



We now give our main proposal. 

Proposal 6.13. (1) As we mentioned earlier, the shifted differential charac- 

ter gives the minor role to ^A. This obscures an interpretation in terms 
of generalized cohomology. We would like to replace (I6.10p with 

(6.12) p.,(lx + ayW) QA + a)(F). 

(2) In order to properly define the M5-brane charge, what we need is then 
a Thom isomorphism and a push-forward map in the appropriate theory. 
Our proposal is that the desired theory is TMF and hence we apply the 
Thom isomorphism and the push-forward in TMF to obtain the M5-brane 
charge. This way, the analog of (|6.1ip will be canonical. 



If X is a space, then the twisted forms of K*{X) correspond to homotopy 
classes of maps [X, BGLiK] . The third homotopy group of the parametrizing space 
is ttqBGLiK = Z since K'^{pt) = Z. This is the determinantal twist in K-theory an 
example of which being the NS iJ-field in string theory. Twists of TMF are classified 
by BGLiTMF and there is a corresponding map i^(Z,4) BGLiTMF. 

The proof of the following theorem is explained by Matthew Ando. 

Theorem 6.14. A class a € H^{X;Z) gives rise to a twist tmf*{X) of tmf{X). 
Moreover, if V is a (virtual) spin vector bundle over X with half- Pontrj agin class 
X, then tmf^{X) = tmf*{X^) as modules over tmf*{X). 

Then, armed with a Thom isomorphism and a pushforward map (see Ando's 
contribution to these proceedings |ABGj ). the main application is 

Definition/Theorem 6.15. Given an embedding t : W ^ F, the charge of the 
M5-brane is given by 

(6.13) L,XE) eTMF*{Y) 

Remarks 6.16. We consider the Witten quantization condition for the worldvol- 
ume, normal bundle, and target for both the M2-brane and the M5-brane. 

(1) M2-brane: The condition iA(M3) + [G4]\ M3 — oesIm^ = is satisfied on 
the M2-brane worldvolume, by dimension reasons. Therefore, the condi- 
tion ^A(A^) -I- [G4] \n —o-EsIn = on the normal bundle N is equivalent to 
the same condition on the target. This is indeed what enters in Witten's 
derivation of the quantization condition (jl.ip . 

(2) M5-brane: Assuming as above that the condition holds for the normal 
bundle to the fivebrane, then this implies that the condition on the world- 
volume is equivalent to that on the target. So we have 

^X{W) + [G4]\w - aEjw = =^ lMY) + [Gi]\Y-aEs\Y=0- 
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Discussion and further evidence for the interpretation of M5-brane charge. 

1. Two-gerbes. The system of M2-branes ending on M5-branes is an M- 
theoretic realization of the system of strings ending on D-branes. In the latter, 
there is a gauge field, or connection one form A, on the string boundary 91] C Q. 
In addition, there is the S- field on E, which is acts as a twist for the Chan-Paton 
bundle, whose connection is A and curvature is F. Now in the case of M-theory, the 
membrane boundary dM2 C M5 (written schematically) has a degree two potential, 
essentially a B-field, which represents a gerbe made nonanbelian by the presence 
of the puUback of the C-field. This is equivalent to a 2-gerbe system. 

2. Loop variables for the membrane. The system of multiple M5-branes, 
generalizing the system of n D-branes leading to U{n) nonabelian gauge symmetry, 
can be described by twisted V,G- gerbes, i.e. twisted gerbes for the universal central 
extension of the based loop group fJG, where G is any of the Lie groups Spin(n), 
n > 7, Eq, Et, Es, F4, and G2 |AJ| . Indeed, it has been shown exphcitly in |G3| 
that classical membrane fields are loops. 

3. Fivebrane in loop space. The generalization of the abelian system of 
fields, called tensor multiplet, to the nonabelian case leading to the nonabelian ten- 
sor multiplet, which appears in the worldvolume theory of the M5-brane, requires 
loop space variables and a formulation in loop space |G1| |G2| . Given the general 
principle that degree n phenomena in a space are captured by degree n — l phenom- 
ena on its loop space, the situation for n = 3 suggests a relation between (twisted) 
K-theroy in loop space to be related to (twisted) TAf F-cohomology of the space. 

4. Relating TMF in M-theory to twisted K-theory in string theory. 
As we have reviewed it is known that twisted K-theory classifies D-branes and 
their charges in the presence of the NS B-field on a ten-dimensional space We 
have also seen how M-branes and their charges should take values in TMF on an 
eleven-dimensional space Y^^. Given the relation between M-theory and type IIA 
string theory, the situation when Y^^ is a (possibly trivial) circle bundle over X^", 
there should be a relation between the TMF description and the twisted K-theory 
description, in the sense that (possibly S'-'^-equivariant twisted )TMF of x 
should give rise to twisted K-theory of X^^. Current discussions with Matthew 
Ando and with Christopher Douglas suggest schematically the following 

Conjecture 6.17. There is a map (yitmf x S^) / k/*. 

5. Capturing the fields of degree Ak in M-theory. Twisted K-theory, under 
the twisted Chern character map that lands in rational cohomology, leads to dif- 
ferential forms of all even degree up to the dimension of the manifold. These forms 
are the components of the RR field in the classical supergravity approximation. In 
eleven dimensions, then, one should ask about some form of classical limit of the 
TMF description. What replaces the Chern chracter map should be a version for 
TMF (cf. the Miller character) of the Pontrjagin character map in KO-theory 

(6.14) Ph : KO*{X) ^ K*{X) ^H**{X; Q) ■ 

The range is degree Ak cohomology, which indeed captures the field G4 and its dual 
Gs (or Q). We think of this as the combination v G4 -|- w Gs, for suitably identified 
generators v and w, which make H**{X; Q). Some aspects of this in connection to 
Spin K-theory have been discussed in |S7| (see also section l3^ . 

6. Infinite number of fields. We know that, physically, an element in differ- 
ential K-theory corresponds to a collection of physical fields: all the RR fields. 



GEOMETRIC AND TOPOLOGICAL STRUCTURES RELATED TO M-BRANES 49 

Analogously, an element in (differential twisted) elliptic cohomology or (differential 
twisted) TMF should be given by a large collection of physical fields. At the level 
of differential forms, the large number of fields should be seen in the same way that 
the K-theoretic RR fields are seen at the level of differential forms via supergravity 
fields and their Hodge duals. But eleven-dimensional supergravity as traditionally 
known features only a single candidate field: the 3-form C-field (and its Hodge 
dual). This certainly cannot model generic elements in TMF by itself. Therefore, 
our previous discussion suggests a considerably richer structure hidden within and 
beyond eleven-dimensional supergravity. Recall that such a rich structure is also 
suggested by hidden symmetries: 

First, at the level of differential forms: 

• In the dimensional reduction of eleven-dimensional supergravity (and hence 
type HA supergravity) on tori T" with fluxes one gets the Cremmer- Julia |CJ| 
exceptional groups £"„(„), which are infinite-dimensional Kac-Moody groups for 
n > 9 (cf. [JJ). In the latter case, hence, there are an infinite number of fields at 
the classical level. Passing to the quantum theory, one has the [/-duality groups 
£^„(„)(Z), the Z-forms of the above non-compact groups, and so we still have an 
infinite number of fields. 

• Already in eleven dimensions, the classic works of de Wit, Nicolai ( reviewed 
in [dWNj ) ■ and conjecture of [Duj, imply the existence of Cremmer- Julia groups 
without compactification. One recent striking proposal is that of [We| in which the 
Lorentzian Kac-Moody algebra En is proposed as a symmetry in M-theory. This 
proposal has withstood many checks. The algebra en admits an infinite Z-grading 
as en = • ■ • © es © ■ • • . 

Second, integrally: The above fields should have refinements at the quantum 
level to whichever (generalized) cohomology theory ends up arising. 

7. The topological term via higher classes. The topological part of the M- 
theory action is written in a suggestive compact form when lifted to the bounding 
twelve-manifold Z^'^ in [Sl| [S2| |S3| . To do so, the total String class (in the 
notation of those papers) A = 1 -I- Ai -I- A2 + • • • is introduced, where Ai = pi/2 is 
the usual 'String class', and A2 — P2/2 which is well-defined for Spin manifolds. The 
interpretation of the class and the characters is as degree 4k analogs of the Chern 
class and the Chern character, mapping from the cohomology theory describing 
M-theory to degree ik cohomology. These are essentially the Spin characteristic 
classes defined in [Th] and were precursors to the discussion of Fivebrane structures 
in SSSl] [SSS2; SSSSj. 

Theorem 6.18. [Si] [S2] [S3][S5] 

(1) The M-theory fields are elements of a unified field strength. The quanti- 
zation formula on the total M-theory field reproduces the quantization on 
Gi and its dual Gg. 

(2) 6*4 can be viewed as an index 2-gerbe. 

8. Twisted cohomology in M-theory. The characters can be extended to 
include the dual fields and to account for their dynamics. For the dual field, one 
can pick either the straightforward degree seven Hodge dual or its differential, the 
degree eight field 8. The dual formulation favors the degree four/eight combination 
whereas the duality-symmetric dynamics favors the degree four/seven combination. 
The second combination hints at a role for the prime p = 3 in M-theory analogous 
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to the role played by the prime p — 2 in K-theory, and consequently in string theory. 
The combination leads to twisted (generalized) cohomology. However, unlike the 
case in K-theory, the twist is given by a degree four class, suggesting relation to 
TMF, since a twist of the latter can be seen, at least heuristically, as a K-theory 
(degree three) twist on the loop space. 

Theorem 6.19. |S2] [S3| There is a twisted (graded) cohomology on the M-theory 
fields with a twist given by a degree four class. 

9. The g-expansions. The g-expansions from the Miller character TMF 
K[[q]] H*Q[[q]] will come from the comparison to type IIA string theory. We 
have the following diagram 




(6.15) 



There are two principal circle bundles: tt and tt'. In the dimensional reduction 
from M-theory to type IIA string theory the two fibers are identified and from a 
membrane in eleven dimensions we get a string in ten dimensions. At the level of 
partition functions of the targets (the fiber bundle vr in the diagram) it was observed 
in |KSlj that the resulting partition function, formulated in elliptic cohomology, 
is a g-expansion of the K-theoretic partition function. There q was built out of the 
generators vi and V2 at the prime 2, q = vfv2^. This essentially came from the 
fact that £;02(pt) = I'2[[q]]. 

The i?-theoretic quantization. In the untwisted case, the total field strength 



F{x) of type II string theory as described by K-theory is 27r times \J A{X)ch{x). 
The refinement of the description of the fields to elliptic cohomology is For any 
elliptic cohomology theory E, there is a canonical map E — > K{{q)) (where q is as 
above), so compose with the Chern character to get a map cHe ■ E ^ H*{{q)). 



The term y A(X) should be replaced by an analogous term related to the Witten 
genus a{Xy^'^ where 

Theorem 6.20 ( |KS3| ). The E-theoretic quantization condition for the RR fields 
is given by the formula for the elliptic field strength associated with x: F{x) = 
a{XY^^chE{X) , where cr{X) is the characteristic class of X associated with the 
power series 

^ )n,.,,™^ . 

The CT-function, in the g — > limit, reduces to the characteristic function of 
the A-genus, thus reducing this field strength to the type II field strength in the 
10-dimensional limit. 



The connection of this to charges is as follows. Considering the bundle tt', we get 
g-expansions on E2 upon taking Fourier modes of the circle. The boundary 8^,2 has 
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Chan-Paton charges on it. Since the boundary of the string ends on a D-brane then 
certainly the (/-expansions will be seen by the D-brane as well. The result is that the 
Chan-Paton bundle on the D-brane gets replaced by its appropriate g-expansions 
E 1-^- S*E, A*E. The charges of ZJ-branes have been previously calculated at g = 1, 
i.e. at A* = 5" = 1, as they are essentially the Chern character 

(6.16) K*{q = l)^H*Qiq=l). 

The g-refincmcnt of the D-branc charge formula should then be 

(6.17) Q = 'i>wiX'°)chM{E) , 

the Witten genus of twisted by the appropriate exterior and symmetric powers 
of the Chan-Paton bundle. 

The higher modes for the supermultipet. In an orthogonal discussion to 
[KS1| , we could also view q as coming from Fourier modes on the circle, i.e. Kaluza- 
Klein modes and interpret q accordingly. Consider the supergravity fields {g, C3, V")- 
The coupling to vector bundles V gives V ® £,''). For example V is an Eg bundle 
with characteristic class a and set ci(£). Consider the connection A on the vector 
bundle V. Coupling it to C'' leads to the connection A Cg) e"**^^. Then the C-field, 
which is essentially the Chern-Simons form of the Es bundle, will also be also have 
Fourier components as C3 (E) e^**^^. This is of course compatible with, and is in 
fact the same as, just the dimensional reduction of the C-ficld directly from eleven 
dimensions without use of the Eg, bundle. 

10. Concluding remark. We have reviewed and indicated further development 
that a closer examination of the deep structures involved in string- and M-theory 
indicates and shows that very rich cohomological phenomena are at work in the 
background. While it is now well-known that (differential) K-theory encodes much 
of the interesting structure of Type II string theory, we have shown and argued that 
by further reasoning along such lines one finds various generalized cohomological 
structures that go beyond K-theory. This includes Morava K-theory and E-theory, 
elliptic cohomology, and TMF. In addition, we have considered higher structures 
generalizing Spin structures, such as String and Fivebrane structures, and have 
emphasized a delicate interplay between all these. 
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